LECTURE 14 NOTES
Metal as a Free Electvon Gas

EICChfous i a meta| anr hl W\:) mobﬂc({rce,), So wl
vepresnt Them uging the Hamilouan

H"—: E +V(r‘); (n

2w
Where Vi condues the electrons fo The metal.

We 04\\\9 rca((g Consder wuclei for Threrr posrthve charge In the
“Jellum® model p but We later consider tuew peviodic stvucture.

DcnS|h3 ot Stateg
for a Farhc(c in a 3D box,the wave Funchon is

| ik

Vi = (LiLals) ¢

(2)

The periode boundary conditons mply

ki (G4L5) thyx;

e = , ()
wlmck W we CX paud Hiis usthg de Mowres 'fprvuu(a gives

Cos(k,(x;i-L-,)\ + (S (k; (x;+L3) = C°s(k)("3)\+ (Stn (kj (xi))- (4)

s twephes
kily = 2Trh;, (s)
Co due 1o (spacé'lwms lahoual mvarence, our momentum 1s quantizedas
L o= (2™ 2Twe ?.JTn? )
k ( L L'z ’ Ls (6)

C‘I\all\glhg © k-space, the number of states 11 o volume n k-space is
=V
V" y tedlad (%)



The DISPWSIDV\ Relation relates &/l(',rgﬂ oand momentum qs

= Rk’
To get Yue number of quanium Stztes e ik grate. D(e> whih
gwes e wo. of Shates In [€,€+de]-

SD(e)dé -‘-}2J33(6‘€Q de. @)

Spin degene vicy

QZWWO the 9 Anchon? Wherg did Hais come Frow?

We can convert tais wicgral © 4 spherccal micqval due o e
SFWMw" nglnf\"’y of The DUpﬁrswn Relahon.

zjgs(e-eo de = 2((5‘%-1),,) yrr {1 dc - @

(X Hhw do we know Hhat fheve 1o conenial syvnhchry in k-space
from the Dispersion Relahon? ¥

&: wa db we |vd'CY‘prd' an amgular d(/yade«ce In k-sPacc? I'F
Kis \near momestvin, would ang ulov depeadence mply angular‘
momentum? How does His maudest  physically!

Aftor & change of variables from k->€,and wiegrating, we get

3 |
The density of Stales Tor dimension M is thea giuen by
pPE)= PO < ln_\»rala, (i2)
V degedevoey ()" dé

where _n.p\ 18 te Swrface avca of an M dimensoual Spheve.



Q> Whats so spectal aboud the suvface avea of
an M-JP\A&Vc? DOC.S ’\'ki.( Cowme 'ﬁ/ow Some thglm[ CD“_“AMM:)

Fermi- Divac Distri bution
This is qwen by

I

A“' T: 0, "l’h'&S Goes o

| (0, 4<0
56 'm( w >= 11, 0¢ec- (o
e

= T T o+ |

|0, 0<u<e
Ths 1€ ke a S‘{CP ‘ﬁnhc;hou, so only energies € A are Hlled.
At T=0
\Nb Can Jﬂm dcfmc +ue Ferm Ehcrgb as
€|: =A - (1)
This guues us
e Er
= |HoDedE - de - (e
N So SOD(e)
Usiwg (10, Hus 9ues 2
/ 7 $2 (B_TT,ZN 3_4ke (13)
Ee = m \ 7V Zm

Ths Oltﬁlnfj e Form surface, \hert ov\l\o k ékr ave 'F'"tdl-

- Whats Spectal Qboud =0. Exper madally, we
havew 't reached Abgolutt 2ero- Unhl wha femp evaifure
rawge does ths approx tmaition hold?




LECTURE 2
Electrical Conduchnty

The Lorentz frce lawhr an electron is

-

> F =-¢(E+7xB). (1)
ﬁ)r‘ B"’O, and V.Sllﬂg ﬁ)ur(er 'h‘ahsfow\s ‘l‘Dﬁ lve an ansaTe O'f
Ply=Plwye ™ (2)
Ee=Ewe ™™ . &,

Using the angular Freguensy W, we solue for V as
Vd=-ie FEuwy - (4)

mw

The curvent deusity , for n= %— €lectvous is then

3(w)= -neV(w= Lrsuz ﬁ(w} : (<)
We defwe Yhis coefhoent as the electrical /AC conduchurty
o(wy= Lewn | (6)
mw

O Whyis Juis aubwahcally AC conducuiry? s it fue 02

Note fwat as o >0, 07> o0, Smce resishance was not
conscdered. Sufar(,om'wlwx have no resistance, and Tuis
divrg tmee n the  conduchwity's Imagimary part is a s@matuve.

Q- frow d You Masuve an |Aaging torm? How is the lmapmarj
Par'f cawsideveol The AC Lom{ucﬁu:%? IS There & veal part:



Drude Mode]

£ we consid o dam Ping e fecls, wheve electvons Scatfer on average atfer
Time T, Newtm's 2ud Law faen groes

Bz 3
T -ek ~ (7)
Solum\, thais 9 lves
e - e"c
p(w) i (8)
Thus, A( wnduchufy becomes
_net |
Tlw= = Tt (@

Q: f I'm not mustaken, 'E:akiug T 209, (e wo dampwy
a”DW.S s T recover (6) |s s oorvcc'l'?

Tak..,.} a constait electvic held
E('t) = EO) (‘0)
we look at the 2ero-frequovy componeat of the AC conduchudy m @)

iy 2
0 (Ww>0)=05= % . (an

QA Thisis a real guahﬁ*y-Docs This meam imginarngC,rca]:D(?

Heat Capacity

We Wow consider-the thormal ransport of electvons. Classically, Hhe
heat Capacity 1s

Cq - S_i)\]ke , (12)

Bowever, B low Jemperatuves T<< T ~I0% 10°K, only el
near € actually gam Tie Thermal energy ke T.




The Tofal eneryy is Quen by

U= Soé D@ f(eT)dE - (13
The Torm chorg, 1s Hhow Qin s
€F Z_m<31r N) (19)

We can then ogtt The number of Clectvmns as o funchon of €, and The Aewsity
a o ﬁwm\.. of N

_ 2MEr\3
awd N= 3'"'2 f\’) / (s
D(©)= ze ' (16)
We thee can get e heat Capacity as
Cc, - g__\])_ - &e - aﬂé )3 (€.T) de¢ - ((3)

Swce N i ot a famchon of T, D dosn t veally vary gt K, T&er,
and we fake MU=Cr, we get  w-ebr dxzdf

. Ce-e) KaT ko T
2 " keT o 2 X
Cer = De [“ 2 =| kP e 4
f L
WL m"b 9Ct GFl(kgT
Nk
Ca= (T T:)T T (i
Tf= — : (20)

Q: |'ve never enmcountered the R\c,mun 2ete P hon ﬁvm/lb before,
could tpn explam thy Step?



& So is fre minihon ‘ﬂam‘ GF is tue energy at Tf.-q If yes, e Smce

TF s o large ~ 0! ‘105K doesw't That meqy ot of states EL&F
are Wwdeed hlled qt  low femperatuves? A bit contaced about

e wlwtiow behnd £, and T,
Theymal Conduchuty

A thorwal gradiunt leads 1o an electrins mohon
I a wmanner described by the heat Curvet

T - —K d_T—-( C"k dT K-'chrd::'{'lmb (2,)
\)I-\ dx X / V Mmcan W‘“’b
g: mean free path
(o= Co
Oﬂlb dcc‘hraas near é,: covitribute 10 The thermal excitohou, V = VF,I%'VT:

-v/ eF ka
Q: When do you use Ep=kaTr then?
Using ((4), we 9et
Ce Tl-z V\k5 ér (ZZ.)
U&ug Er = va,wc gd a Thtewal conduchuty of

= Trz nkB T ’t (23)

Wiedemann - Franz Law
Considtrmng an elcdwca/ conduchuty of
(ez) V\’C (z4)
awd Herwal obvduchwfy
K= ( ks -,-;-t ’ (25)




w(  alculatt ther vocho as

% = %("cﬁ’)z"l' =LT - (26)

EQMahou (26) 1S *Hac W(cdcwtqun-me LQw- L is He

| orenz (Ludwug nof Edward) number which is
Q  Wnwevsal  proporfimaly Coustant-

_“M, Loremz Number js wot Vald w‘/lby\&/bv' one ov bola
of w G.(Jumpho\as of the free elechon, modef ave
NOT met:

D Sawme kluds of Pavfwlcs([hrwcvf) Qve Vespoks(tl(
'(:or bo ‘[\gpt_; of  Coudig fron.

2) ke carnes (electoms) Stougly Interact

/ Wwih  eqeh  sthey

&'. I'm a bt confused. "‘nlblaghf' he e elechvou wode/
assumegl Wil mitevaction befwetn electvous.
\Ukb 1§t wow qum that Struny ntevach ong
ove. an Quiow  of The mode/ 7



LECTURE 3
CLASSICAL HALL EFFECT

We now consider the case whore there is a magnehe held aud dmnpm]

(jt 'c)\’ "-C<E+V>«B (1)

Whm ’rkc \ICC‘I'brS hauc 11~c comrouou'(:s

= (VIO, O) ) E =(EX,E5'0), E’ (OIO/B) (7')

Eb Comes ‘Bfow\ claargc accumulaton duc 1) ﬁ;wlmlcEx
Was applied directy.

Taku\g the case of no Qccelcmhaq, %'9":"1“ soluton s

X. W:Z 'CEx (3)
(o'. 0= ‘CEGD'I' evp - o
COMSI(JCI‘(IAO the current density as
y= -nev, (s)
we 9k ,
T ELE, = 0Ex. (6

We can then wiite the skadb statc Vcloc|+'3 Qs
N = “Ux .

ne ()
So
E,= -%-éo, (8)
We can then dedine hE Hall coetherent os
Y |

Re™ 8.7 "we (@



Ths ex presSton Por the Hullcocfﬁqu breaks down for Sowe metals,
Such as supere wdietors. Thae Prte electvon model tuns neess

o be lw\rrmd loy '|'ah,tv\, i acount a percodie
POKM'MI Such as m 4 aryS‘bl, lattice o atowue latfce-

Q: lnturhve (‘7, what does the Hall Goefhecent measure?
\U‘Mj 1S Huat the clhavactershe measare of The Hall effet?
Whats a 4-2 seatence descriphon for what e Hall eheds

s Py sically?
Crystuls

CNOSW - material whose Comp ouents are arrauged Pcrtodmlly
Lathce- Repeating patern of pouts.

’-..
2 R o427
o° o0 ' !/ 7

ID 2D 3p
L athees.

A unt cell is ke Swallest porhy. of e lattice that
s fve sawe SYymmetvy as Tue enhve cryshal gtvucturg.

(U Would a uat cell of a 2D Lathee be

|{ ¢ : or .I_ -T

2
o

The Posthon of a pomt j w Twe lathee is Ylutmby

%Aty 8,420, (10
wheve for a Simple Cubrc lathee, e Prlm'hvc Vectors ave
'al:a;\(/az’ag/ 3.3:3% - ()



Reciprocal Lathee

A Real |athce
R =N+ 3 * N (12)
\AGS G ODYVCSPondle IQ'HTCC In momentum Space (\\k”slmcc)
5= mli:l + m:E;"‘ Ms E/ [B)

Via a Pourier transforw:

Twe Purter Tvansform gues us the velaton 4w basis vecors b:

i b = ZTrJ;,:‘ . [I‘I)
Thus, The primive Vcdbrs n a 1D lathee Jor example are
=at, b- ng [ (19
[ .‘_v_? [ ) ® .l...,_’ [ )
a 2
Real Space g,,qr,.gca( Space.
Pr an arbl'lvary Crystl Structe Thew, The recrprocal basu vechvs ave
S 32*33 ‘>_ asxa, 'y 3 Xaz
= 2TM— _ L-'Z'IT° L PAL . (1s)
b\ 3, (szxas) /¥ 1*33) / xas)



Brilloun Zone
Primtue Cell * Unit cell wiin owe |athee point:

ln  momentum Space,

|- Choose @ Fom‘t

..3000

2. Draw lwes o weatest neighbors
o &6—e—90 o

2. Bisect lwmes.
o ofolo o
4. Avea ewnclosed S ‘ﬂ«t. 'Rvs-|- BY‘("oum Zowe Ov
yust  Bridloun 2oue -

%
* 27
aéa

a1
a

Q: What is Tue Imp orTance ot ‘e Brilloun Zoue!

Bb the way, yust want o Say “Thonk You Tor
Your lecture m‘tcs-T‘l\v:) ove Some of fue
easest T understand readwgs l've bad

0s a  BS Physws s Fudent




LECTURE 4
1D MoNATOMC CHAIN

The harmone oscillabor potuhal approximates fe Lenard -Jones poteutal.
FD"‘ denteal atoms 1w a |4H\ce,m can Tk of Juewm as Coupled wifh

Springs of SPrMg  Constaut C-

3 Eackh hos mass m -
O‘?O O<—> O OO0
1 5d B Un R YUngy
The mofon of one atow is gvem by
m dd(‘:.: = C(uhﬂ'u ) + C(uu-| Un) ‘ (0
Tlnc Perlodtcnfp 9|vcs the soluhow amsatz
Uintt) = Re (A ™ %) - (>

Q: W'Ag auhma‘hcallb define @ souhon wterms of k?
T glves

M’ C(C..h «-kz_-z_) 'ZC(cos(ka\ |) (3)
Which USig the (dewhy

2sm' (%) = |- cos(x), )
D Gwes us fhe frequency as
ISpor
RE[G;:;“' w(k) = ZJ; Sin §)‘ (s)
For  swall k

Q Hw do You Solue fbr 'Hnu qpprbylmqh0h7

wm

! |
I\ /
o\ /

| \ /

[

L
d

>k

(|



We get the group velocty Of the wavtpacket as
- dw
\/9 = 71% -a\l? Cos(’g), (?)

whiy for swall k<3 is approximately Cousiaut like the Speed of Sound

V,za\% . (8)

(U Just to clardy, fuisis yel
ocity m real § -Right 7
1D DIAToMic CHAIN ’ o

O m,
00 090 000 020 090 | o m,
We now hae cquafiows of mohon P M, and m: as
dlus _ ]
M, dt* - C(V" M")+<Vn-| -u'\) (9)
m:ddZ: = C(uml'l'un "2Vn> . (lo)
We have the Soluhon ausate
¢ (nka - wt) ) -

= A = A @

We get the matrices

-ck3
m, 0\[ Ar\_ -2 e A\ (12)
TRTCX RIS

This gues the soluton B the frequency

Dﬁiﬁiﬁ?‘f W’ =C<ML"'ML=)Q*JI- bl Sm'(lzzé)l) - (13)

(ml+m2)z




L '
ﬁ)Y' W\l > m?. ’ 0 Opheal : [2¢ !
Wt L\O.VC +W° ! ' "
brawches of ; A 15
eulhhws . ' Coushe l} k
- T
]
Acoushe: A= A, (14)

Twd
l; Atpowms Move 1w Same div echon .

I
1

Wacoh, = JC— W)Q iJl- (‘":':;"::),sm'(lg)'>_ . (Is)

|
LFDr ka&l*: W scoushc .,kaJl—cm Linear (16)

V3 Constant  |ike Sound wave -

Dical mA,=-m A, (13)

Two
Atpwms Move w ppposre dwr echon .

Mﬁf, have opposﬁe C\o\mfges EM‘GCU excita how -

Wopheat = JC<ML+ML2) Q+J (‘l:lv’:z) (|%)1> (19)

2¢(m+m;)
mMmim.

Por ka &l ! Wepp
Vg'-'o'

Baud (iap: AE = \Fm_? - «)TZT:\C'TI . (20)

Therefove . no vibrahous fyr 2.'; >wd 2.."% (D

. Congtunt (19)




LECTURE 5
Electrows m a Lattice

PCﬂod(c, FotCntlals

Ferwm: enevoy

T e

._.: i an integer .

For +he 1D case, we can cowsider the potentual 45

Vix) = V(x+), (1
So twai the [ourier dccomposrhou (3
V(x)__._ ZV" eimkx . @)

Weak Periwodic Potential ”
The Hamlfowan s » 22 Pmm
H = P ZV,, Cos (‘)_Tl'x)

(3)

Wc Can tveat HAB Qs a Pcr'furbahoh of the free Par'hclc case

H=Ho + V=Ho+2V, C”C%) =Hot lp(e™ve™), @
. 2T
3 (s)

Perturbation theory,up to 2ud ovder , 9Iues

(a4

E - E(°)+ <P(»‘V|Pm> Z |< (.)‘V|Fm>|

TS El’m E (0)

We note that :
FYCC Pavhele Mo eenium. IP(“) = l P> = J: Px /

o
? o<l (»

wheve
k

(P



15+ Ovder Corvechon:
Due to Fcr(odlcl'(‘}g

(plVip> = f e’ e B Pay =0 - @

Znd Ovder Covvecthion:

Swee V ouly has two Fourier components, as seen mn (4),
ouly two fevns Survive m the Suw-

GEil V°S o ”"("* )6 dy

e +¢€ ()
10
(o) _ (0
' E- EP" 27 _ _ (P+ 2%_7)2
F\Y$'|' '(‘CY‘W\ . 2m 2m
\:_‘°> Eff,’,! I (X))
- 2m m
T jé‘(rﬁ%x(e e ST M dy
Elo) Elo) 2 " ({2)
a1 P (P F)
2m m
%
E“’ E::’.’,,_, ) (12)
2m  2m

DC{W\MQ AE Elo) (0 - P* (p+ T)? (W)

P 7_'_" - -

AE Elo) ::».%r - F‘_(P-z-}' zl ((S)




We fud fue tmergy as
~v _ ﬁz _ Vo'l. ) Vo‘l.
E 2m  AE. AE. -
We have a problam as AE, aud AE. yansh fr p=¥ s
Q: (s tuis already @ sgw Haat Tuis metuod is mvalid
Near P=F57 0r only preasely at fuese values?
We also nete Haat fov P’%’/ P> aud Ip- 5 havetne O
\N(‘- ‘\1&1«5 need dcgwcmk PW'hﬁbeleh ﬂlco\rg-
chtv&m‘k Peviurbation Thcorg,

We whoduce 0 Swnall defunmng &, 1o It fue degonenans?
We fuee Mave tue nearly degenevaie states

(16)

IBY = [p>= [T +6 (17)
B> = IP’¥>=|’%~T+S> : (18)
The matnx €Q UG om for such ncarky degcmm’(c stales is
) GEE)
w heve .
T . H.‘,J :<P£le+lej>' (20)
(s ‘alt( A He Hy (1,31 + ”z
H = <Hu Hzt):< T(-%VIJS‘) ('Z()

D\agbnahzmg this matrix, and rews crﬂngﬁ s gnves The exgenvalues
E_t(S) = 1\1 (Eﬁ 1 Jf\'(g)1+‘lo‘l . (22

Q- What unds does § have?
Q- How do you kuow whee o put back 4?




Rewm oving tlhe d(s‘luumg

§0 (23
we fiud an  ensrgy 00p
E9=E+'E-:2Vo : (2¢)
W (k)
AN
Fortuddew
Bawl
{
!

)
&" \I\"Mg do we (
dencte 1t as Eg th Tuis dmg?am, i (k) hes unb

of frequancy? (s tis because =17

Ths band gqp soparatr Conductovs and
s Ulgtoys.

Exbauneous Comments :




LECTURE 6
Electrows m a Lattce T

B Dd\ Thcorc,m
Co wsider a 3D crystal with He [m‘hcc Z"~ 9 ang reciprocal

Jé

lathee G| ZM. bi , where e bass Vectors sahsfy 2'"-&,;
For ideal crgs’mls fue Hawilowan and wavehmchous are Pemodu

Hw = HEReR), \V:(r)=e°kgun(?)=e "Ue(7sR) -
The Cigonstales W ave kvown as Bloch wam/fuhchous.

The Schrodinger, equafion reads
A®%E= E©%E), (2

\\\o\\ 3wcs us cga\ua(ue; 'For q gl\m\

1D Case
e periodicity 3 9= We Can "’-"P“"‘d () m ’ccrms of Fourier componsats

E(k\e*" zq) B <2m8x zv bgnﬁ thzq)m ()

Q \l\)\'\ are Yhere diflevent m and n wmdices’
This \cads to

E(k\z Wm c(k+9m)x_’f\(|2<:::.)z Wm ¢ (ktgm)x z ZVW t(k+9(mm)x

Mm=-00 Nn=-00M=-00

We want 'h) Ma+c\n coetficiens of CL(H 91m),x So we fake m=> (m-n) v The dovble Sum

Z ZV\V t(k+9(nam)x z th A ., (lusn)x . o)

Nn=-60Mm=-00 Nn=-60Mm=-00

Q: Why does The Sun bemg cowergent allow us to do Hus?
Md‘d\lhg Coe Fhee,lz then gives

E(kBWm -}f\ (k’cgm)\v Z v"‘" . (6)




This is an e\genvalue problm which gwes e mfude matrix

y, TRy oy, e ) [

0 R0 el I P B | IR
V. V"‘ V':e T e - 1
:' V-l V.-'L > .

We. caw solve Huis b'() dlﬂjouah%l\a 9 e matrix v a fnke no- of clements,
by 4rum catmg = e Lo

LYmx 9l x
Up(x) = ;"V.,e’ ® ;_\fle . (8)

(X" Does dmax havt Some Physical significance?
Consdermg the swmple Perodic poiewhal

V(X) =2 Uo Cos (9%) = Uo(ci9x+ C-t9x> ’ (9)
We Wave for Rwax=2 Wit e fiest Brillowm 2ome
2¥(ke2e)’ 0
wz zp.: ﬁt(y‘_o’)t Uo Oo % wz (' 0)

¥, “Ime KK 0 Y,
ER|% = 7 U e g, |4

0 0 o Ime t'(k Ry ’)1 ‘()4
q’-) 0 0 0 Uo Ime tl’-)

From Bloch Thcovy, we note that

0 60= Pusg 0= Y, 0. (1
This mcaug ‘U/m’r we alse Nave Fcrtodum, " k-qucc .
E‘{p | | ]

| Efk)
| |
|
AN

l b;

\

\

I
& Lok L\ {4 S
2 Lt = w1 ] 7
3 : 7 ¢ @ R T 9

B\hc\\ .“\Lorm r““w‘
Bowd diagram for firct Brilivun 2ove Extonded Schewe



Nok {hat ‘( s '\1'\(‘. crgs{u\ Momh’mw/q,uasmomwtum,
but Tuis is wot Twe Hvue womentum of Tue elecivon
as tht Bloch state is nof an eygeustate of P

E 1S Yl momentum of the combmed state .E‘-‘ et ('», € 6 s
e recipvocal lathee veche .
Consequences of Bawds

Transport propertes

Conductor = Electvous Can get excited and Swrpass Ep-
Ef® Ef®)

3
E Quilibviym, Excifed

lwsulator ¢ Fvst band 18 full, qud Tweve ;s an tni-gy 9ap-
0

Ef® : T ' CAN'Thow
' T ' | |
| I
! | | 9
| | Ferwm
F:rm . . CV\C"” ;'v
k -N T
-1 n 3 )
1 F
E Quhibviym, Excifed

Sewmionductor: Bawd Jap Swall tndugh Eg 2 ke T<3eV, b hae
e Mrmllb ecried wty cwply bands.



Ef{cchee Mass
Cons(dtrmg an apphed E hed, e cUang m evergy is given by

DNE=F-AX= -¢E -VAt. (12)
Tak\ug the group Velocrty as do 1 de
™ :iai’ (1)
we Con get fue  mhintesimal change as
de® = dE@yp - g . LD, (14)
dk (T
We e h -
¢ e have & E
d_t = ? / (ls.)
Se Bz odp g dk
Fe=df 4 & (19

We  can fuen get I by Cowsidermg (13), to get
B 2
2 eE 1 d*e(p)

4 = - AR ST (19
Consldexmg e Lorewz fovee law
F=-cE, (13
We 9et fue efftchue wag
« _ (L de®Y
m" = ¥ O (1a)

This it relafed To The curvatuve of e dispersion relahm € (ED.
WL Can reuer Mm=m* bg covxs\dumg [/ ‘ﬁu ClC('l'me.

L; W! also WMave dlf(@r@vd‘ Sigus for m* dtpmdlu3 On The
nergy  band.

(- |s is carvatuve nterpreted Simlarly T that 1n OR?

for example, is e diffevtnce befween m and m#
Swilar T Twe diffevence between tae merty)
Mass and gvaviiatig) Mmass)



LECTURE #
|deal Bose Gias

Density of States

For nov\-mitmc'hng bosoms, we h:lgc the same dispersion relation
€= ﬁ?_:‘ : (n

OG What 1f fue bosow, likce a pliotn is massless? Wowdn't m= 0 mess tup?
We reegll Tue number of states oCLupyIng Hhe entvgy Jevels is

S D(eyde = \(38(6 -€)dE = S(ilm,S(e-eu)dk.dk,dk, . @

There is no {ﬂc‘l\)r of 2, Stce fuese are bospus not fer muous
with  Walf mtegen  spin. This becomes for an 1deal gas

po= 20 i (F) e (9

Bose - Emsdem Stahshes
From a chawge of Sign frow. 4ue Formi-Divae  distribuhon for
fermious, we have The Bose - Emglem dis tribyhon
- |

ke T -‘

+ n Ferwj <Dy
When we  comsider Jue grownd state P

€(k=0)=D. (s)
e Chemiaal potewhal is lmifed qs
M0, (e)

b gt a Physical sysiew at
T =0 &
Tk\) iS becau:e a PDSlm “N would 9“" a nng'lWL dl&‘\hb‘d‘hoh.

The sigh of tue | wakes al]
difference.



Bose - Ewmsiewn Condensation

Ul'lllkc 'ﬁ'ﬁ'Mlb\U/ mulhple bosous Can OCcupy A S wmole quan‘l'um state.
This is called Bose - BEmstem Condensation.

Consuder a parhele density Q (mot devsity of states) -
Witn fixed T)we merease e no of parheles

» s [ (€
I I .i )~ *
Q = VS:‘,(&)D&MG = W(‘ﬁmz) LC% | de (8)
We can defme

| (m\3

A - lT ang (ﬁz) ) (Q)
So that we haque

o [ €

Q=Aek.Tjoci“T?l' -‘ dé (ID)
To mcrease Q then, We nCrease M,l:\p'lb a max of zero, ™ get
o0 e-i
Q) A| B4 "
USMg the Riemann 2eta function C(x) glves

l(Crc‘hcal 3
Re=0Qw=0) = A(eT)* "(2)5(2)- @2
Ths s weirdly Just 4 Gomstaut , Swce we'e fixed T Sotie demsity of
bosous “dves not change a3 We mcrease the number of bosous.
The reasow for fuis is that there € 4 mislalee When
Calculatung The Mcan wumber of parhels usiug an
\V\’ccgm\ nstead of a discrete sum -

This Comes from a d\ucrgmu When 41< 0.



We can iy tuis b\_/) 5|>h+nu5 The (owest wergy St from
other excided states as
R = Q,+ Q.. | (13)
- €:
_ | | ™ z d¢ - (1%)
= 7 T + ’ BT -
Q V Cm _ ‘ Ae Eg oT ‘

Ap?roqch\ug M=0, the 2ud -k’rn; is hwited by ©,
while the fust form can be arlod\ranly Iargc

[e 4 —

V ewns - | Y
Q-Seo essenhally the Issue awhile ago was that we
only consuleved e Qev torm wheh goes B Q, as 45 (0?
Equaho\,\ (1S) means Tuat past tue crifical dcusﬂy , The now par heles
occupy Tae ground statc n Bose- Einglem Condensahon.

&'- So Q, Wcreases as A 0. So dou This mean ’n/wf
lncreasing he nuwbe of bossws it What takes 4 07

&3 Wou(dh 1 mcrcasmg'l',mde {T., also Mmcrease Qo? Or wo as
we 've asSumed T = com’hgf(;?

We can QC(‘. Yae Crrheal 'l'cmpcra‘tmrc Te From

Q=R W0, T-Te) = A(GDI 2. (w

O\: SO a* TC, Q" boSWS |Ca\,t 907
@: Why s tuis equal 1\77‘“‘“ total no. of afpms? Wheve did

atoms come 1h!
The condencate frachon is
r\° = Q_O: N_°:|_g=| _<l)
Q N Qo Te
At T=0,They've all In e Condamsate wode.
Moo Tc, Twey've 1 Cxavded States.

Q,= | | ~ - kel >‘fs}?2‘o (15)

Niw

(I3



LECTURE 8

wch‘.‘j |V\chmc1\"3 Coudensates
Dilute lnkrachug Bose (ras

The Hawiltoman for N interachng (deyitcar quantim panhieles
Inttrachng via Two-partete  potentals is

5(3 .
E,i’*:;‘ml'ﬂl two- partule Po‘ku‘hnls
This Many - body Haw: [ fouian neglects other many -parfide scatioring witractious.

The fwo ‘Bodg Po‘lﬁﬂ\al is sufficient Pr the velafively large |e.h91l\ Scales of Ulfva cold afoms.
for T~|O'3K, the dommant m-pa.;,mu m¥rachon is the Covtact itrachon

{ =i [—,i;xzuv(s:.,tﬂ + 325 (%) =Z[—§v{‘+v(ﬁ,§|+"%‘%25(ﬂ )

izl X3 izl <)
S'lreug‘h. of Confadt wmievradhn

(ivoss - Pitneuski E quation

|{ we don't kwow a priove 1 theres a BEC, we use the vaviatonal approach
lwown as Hartree - Fock anrox\wa'hoth\ ‘ﬁhdlug the growd state,we assume
all N-partiles ave ‘Bae Saue Single-partile enorgy stute The wavefumchon is

ez, 5.8)= l;ltb(ﬁ.t) P>= |¢>®|¢>®...®|¢>=(|¢>)“f (2)
from normalizahon, wt Whave both

(PP =(D|d>=| (4)

We also ass yme fhat the wavetmctows and fivst dertvatives yansh at e boundars,
&.' \A,\/\ﬂ* 18 'h'\& bbﬁhda\rv of fhe 59 S"Wn’)

Uswg Lagrange multplers, we extremze Tt enevay funchoual
F (2] = <PIAIE> -t DD (s)
U)\V\g IBP, Wwe gc’c The kune'hc Cuergy &S

(Eey=<eIi|e>- > ]IW(F)I‘dF = '23, S¢'(P)V'¢(f~'>d?. (&)

isl




The external potential is given by
(E,,.t>= N J(b'(r) Vi de) dF - (7)
The wicrachon tevm s

<Em>=<‘Pljl2q.8(¥;-?s)I?>=(Q)J%(i-';-ﬁ)|d>(mt)|‘|d>('3,t)|'alﬁdF} (8)
N- J
CEwy= 55 ')jalq)(r-)l“dr. (%)

(2 Where did Tue hme-depemdence $ go between (8)and (a)?
We can collect all ferms twai may be writon like

(PIAP> =B CEpur* {Ewme? - (to)
We fake fue fust ovder varahon of Fas
D@->P@E+ID®- ()
TO 'F\ud the Min tmum cohﬁgworhou. (g rowd stai energy and wqucfhuchou) equves
oF =0 - (12)
d¢'t®)

Q: \:J\o\b do we need Hus? Why is fue denommator 9¢f msiead of 667
Each ttrim v ue funchoual Guelds

§<E > _ -Nt* 2 R
WTR;) = ';3 SV e de (13)
S<E ot> - S
Scb*:F) = N jV(F)(b(#)dr (19)
S<Eu\t>

= QN (N-1) |l pefddr.  (1s)

3 ¢'®
The {erw Wit tue Lagrange mulhplier 41 gives
VAL D L _,""j §¢'e . ;
Sd)*(?-’) =N (S|¢(r)| dr) _8¢'(ff) (P(F) d¢¥ -Ns(b(?)dr. (16)
Cmbm\ug all these To-ws Gives

gF e, )
$¢'e) =O=JN %V"’VWH(N'DSWF)\‘-](P(F’)dr. (1)




Ths & sahshed wWhen tue wicgrand vanshes, 91wy the Hardree Equaton

-% \Y ¢(7") + V(F)¢(F) +g(~-|)|¢(¢)\zq>(,-:) = PP - (18
Pr large N, N=N-I, we get the (ross-Praeuski Equatiou

-% Ve@+Vmdm +gN [delom = u by . @

The Wavefunchon 4)(?) oceupled by N bosous isthe Condensate Wavefanchion.
The GPE s also known 68 the nonhncar Schrgdmger Equaton since
9=0 (20
rewvers “h»c or‘(glkal Sckr'ﬁdmge.. Equa'ho\«.
The wonlinear mttvachon fovm
UM = 3N|<|>|z (w)

describes e  mean - field poteuhal of the N-I parheies one oue parhele -
SPOW\'MY\COMS SHMMC‘WD BT‘(Qk\uﬂ_

Sbm\drg (S broken n phase Nrans rhws sucl, as q Weakly M‘l‘Och'hhj
boson qas "Y‘ahs |'hovnug Into a Comdensate.

Whew

V(?‘) =0, (29)
the G‘PE becomes

-I‘—h vz(V(?') +9 |‘P(F)|2W(r=) =AMAP@) . (23)

Where The condensate  Wavefunchow as
Y = Vb (- (29

Evergy gets minimized when fne waveTchon is Flat o~ umforin

T\\is meaus
V= (), (z5)
So .
9Np@lv®=myp@ (20)
(2%

Ilp@l® = m.



Thc Condensaic \.)a.\)cﬂmc_-h,ou is tuenm

/—’9 ‘w(\:’)‘ = J/gjl = Jn_g.ola wniforw density (28)

&'. DO we lv\hrpve:l' Hiis as ‘h«c real Par-'l' of U?

\N(. can tvoduce ‘{1/«(, global Phq.(( 'Fﬂdbr

V= Jns e®. (29)
\PJ( Can always V‘wl‘l'\pl\, b9 aw arbitvavy P hase factor
Ve >Wirye® (20)

awd the (\PE doesn's change
This is a gJaunge SYrametvy,

T s thy,, The  Condonsate Spontanconsly
Plck, QG P‘msc 4 [O, 27T] . Thiy Pre{wm (s
Q SFom‘}uhwh.s sbww\e‘l'vg bvcalf—\hg-

IV\ Y Lase, U(l) gauge sywmeivy s brokem



LECTURE 9

Infroduchon fo Superfludity
Time - dependent (ivoss - Primevski E guahon

The hv«e-lmlcpoudmt GPE for a homogfmtous wicragtmg 94s of bosons
with V(B =0, breaks U(1) 9ange symmetry whe fue ground s fte picks

a phase b a b
\Vo =W e - (n
We dwelop qa ‘hwe-dcpauo!cut GPE b~ Viry=0

th W;—‘f’ = 'Z‘—mv V) +9|Wew| Wim, O
(Q: Shouldnt s have Y(Rt) wustead of just Wiy ?
Witk separation ansatz ,

Wi =Ywe ™ - (»

Since we Can only measure tuengy diffreuces AE=En-Em msicad of Hhe
actwal value En, S‘|\db\u9 fxcifations 1§ importaut-

Low -energy excitahous: Non-mitrachng condensate
For a nov\-lui&-achng BEC/

9 =0, (9)
So the GPE (2) bewmes .
h ")‘g_(tf") = ‘;_f‘—mV Y@ . (s)

Fbr Hhis lmear e:luqhou, we fake the ansatz
tat  i(R-R-wt)

Yety=Are™ e (&)
Swee e V\on-lu'kl'dd‘lu, Pose 9as has 420, we have fhe dispersom relafion
€ =hws= f‘;fz+ ME €))
This 1 fue 4unad rth_‘relahov\ of the Bree -pavhele case, but with aqn
Cuergy gap at k=0 fvom |al-
Low-cmrqlq excitahons: weakly imitrachng condensate
We  assume Q repulsie miorachon

9>0, ()
0= 0. (@

owd phase



We weludeexcitations above fue grouud state by addmg plane-wave soutons

where

Ug = olg W, vi =)8|-;\[/,, : (1)

WC. only Cousides low Mmomentuuy Excitatons, and Huus In lnear orde of

Awmplitudes that ave real * "
uf = u: ’ Vl-:= Vi . (12)
Thus, we get e LHS of (5)as
: {E R cife g2
L’ﬂgtg‘f’ Sy e"%%ﬂ“ﬁw)Z“:e(h '+(42-1\u) vi;e("r ¥ ()

The ‘6vs-|- term on the RHS gives
2 1Py i(fe-- Py i(eee Y
b} 7w =Z )y +Z (e (i
Tl«e S tecond term on fhe KHS, when 0h|5 conslde,rm_g ﬁvs‘f-ovder in amplifudes 15

9| Yie)| Wer) 29 |k|)°|‘[%e' Tt Z?.u:w:)ei(i-:-{':—..,t)z(?.v;m:)'e‘(i-"nﬁ'—u‘)]-(ls)

Wc Can thew Cowmpave oeFhcimts ag

- iut .
e ¥ . A= 9|y (1s)
(i)e®F %Y. (ushw)ug =(tz_£) Up + A4 Qug + ) (1)
(i)alss9 ;. (u-hw)v; =("z—f) Vi + @Yz ). (19

(i) aud (i) Can be Combined ') 9|vt. fhe mafra C{aa'hblq

U: ﬂ‘-r,u AU
)F\w(v..) = ™ . (U-,;) .
K < A '% -,u> Ve (19



This gwes the Bogolubou Dispersion
3 =“‘°=J ((8)@ue (55) - (29

This 18 |mear ‘fbwr S\MNF

G;xﬁ?('*(%) Al =fw e, @

whwe V\o=|%|z- Nb'lf 'hm- Vlovu-lwltv‘acfgg Case IS Zuadmf\c- H‘bwevw,
(20) i ac'hmllb q,uadrahc for lavge k,Qs Kiehe nevq Yy dowmates

272
¢: 9’62:: .
E'('lf)
free | 'l ~K
pachie |
{ )

é Bogolmbev
dispersion

4
: 5 k

¢ >¢ >
Sownd-wow  Free-pavhele
rR9ime re 9ime

Mb"t fle gogo'lubw dlspr/vswo\ bewmg 9aplcss aund lmear ﬁr Swmafl k .
This dea of fue Goldstome tueorem is what dishwgusshes 9
50\]7(,"“M!J fvw\ Qq hou-mﬁ'mcﬁug condensqte -

&:A"‘ there 'RWV"\S of Weakly Inferachug Condemsatkes fugt
avt ot supwﬁq.ds?
Q" Hﬁw docs "}1«(. brokew S_ghm‘\\"g resuly m gﬁfkssmss?



LECTURE 10

Properties of 3 Superfund
Dissipatonless Flow
Superfluds don't lose kimete emevgy, and Hus have 2evo viscosy, below a
criteal veloerty - This is especally nkrestug Sine Theee is no encrgy 9ap.

for a hohogu\eous gas of partules m a pipe with Tolal mass
M=nhm )
"hAc ke he mergy mthe rest frame of the Plpe is

EJ-0=F,= 3> mi". (2)
ln fue Mouwg frame of G porhen of The éud l._::ﬂ. velocity V,we have
E@) = %Zm W-V)=F, -va; Ve MV E e M
The growd state of fhe condensate is e sinhouary wnfyuration p=0

E V)= E,+ MV (4)

We can expect backsca'l"lhluj or Excitafion m Tue opposite divechon of fue mofia,
due B tue walls of fae pipe wilh Energy €(F) and momentuw '|'>’

ln the rest frame: Em(V:O)= Eo+ECP) oo
I the momg frame:  F o, (V) = Eo+ € -P-V+ M (g)
The change m Chergy due o e eecitaton is

NE = E,(W-EW=€@-3-V- ()
AV\ excitahon i Haug only Cregicd li AE >0, or
E@>P-V. (8

Q: How does an excitation 1w the oppesife direchow to Hlow ever merease
The Energy DESO 2 1su't it like frichon?

T‘Ae Laudau Critepon stajes Hhat no excimhous are created when
Vel = mm [€EP)
VeVe=mr (5) - (9

Q: If differewt porhous of fue flug move oF differait velares T,
do Tweyy all need b be <Vc?0r owly fhe average velocidy?



ﬁ’r | novn-m’fcmcﬁng Coundensate ,;z
EP= zm - (to)
Thus, . ()

Vc - m}gu 2L> - mw( > 0- ()

P \am
Thew evan  iwhwieswal excriahous mduce dusipahon.

v q Weakly Inirachng Condensate , for Swall momenta

ER) = KIkI [’ (12
. €@ =Pl (13
us, V —mp (%‘9”59 = ’”#“(J%E‘)ﬂ%ﬂ?‘ (14)

& |+ Says % ouly m the notes. Shouldn’ fueve by 0 J?
The lmear dlSFCV‘Jloh at (ow momenta allow for Hiss 1o be @ superfiud.
|vrotahonal Flow
Mmlhplb g P#(ey to the hme-dependent GPE  Gves

(k¥ W"’ - R PV Ve + Ve e v’ ()
The Complex Conjugate i$
-th¥m a‘g#’: R0Vl + Vo ey e’ (16)

Subtactng ((6) ﬁrou. ( (s) and mawpulahug yields
9|W(r)| -

This has Hue 'Fbvh of The Cowhuurhy equation
%é +V-3=0- (18)
Therefore The parhele density is
= Yo (19)
and Currewt density
=H (yev v
J m @&V - Y vy (\*)) (20)

We wote that 32 pi, 2



So t+ can be shown that we can express V tnttrms of Jue phase

V= % Vo ()
The lme wicqral of fue velocthy feld is e Circulaton
M= Qudl = [[(@xv)dh. (2w
Smee the (url of a grudient Vanishes,
['=0 - (29

Thus, a supe~flud 18 [rrofatioual. [T fewds fo stay
at vest m A slowly rofatug contme,. for fast
TO'l'a‘hoh, vorhees 'ﬁ)rlm 'lv retam  Irrotahional Ho\d

Oud Couserve angular momentuin.



LECTURE I

Introduchon toSuperonduchuity
Basic Mmicrostopic Concepts
Cooper paws made up of two bowwd electrous, ave bosouns frmmg a
Sup evflud below a critheal ‘lfmp&ra‘lurc Te. Thtg have an effechue
aﬂ\mcﬁuc mitrachon due o electron-phonon mitrachons.
Coopw paws Cdrry Supecarrenls n Supercond uctors.

1%
Eletvon [ aitvacts (Coqw- P
" Electvon 2 s Weak bond
Posrhvt lons atvacied by disforion ¢ ond)
t=t,
O What docs |+ meanwhen fue elechron -phonon is retarded n time ?
P\ncvmmmologg_
Prope-hes
|- 20 rc.su'ht};b'- DC resushuty \M}ukc.\ be low Te.
)3{ [ (8= =0+
o T
Novwal touductor SMP'!r uwlw.for

2. Perfect Diamagnehsim:  Supe~tonductors expel weak B helds.
T\O\C M eusue. eHect has SCrecmg or Surface Currowb Cawcellng QPylled B helds.

‘D O

N&';:u o Superiondictor

2. Superconduchuy encrgy 9ap: C""P betwee. Cooper Paws and single-paricle
cxcitahows of electvons. This Energy gap is velaied fo The hergy needed
N break a Cooper paw- This gap I What makes excitahous like
Scatttrimg of elechvons \wpossible.
Cowvenhonal super Conductors - Te ~1- 10K
thoh - 'k""“l’fﬁ'ﬁ"\avt superConductyrs: Te > 20 K-



London Equathons

These velate EM fields msude aud outside fue Suptrcoudiciov-.
Reaall from fue Drude Mode/

dg _ P &2 )
—t - - ? CE/
With wrrent deunsity L N
j = -nev. &)
Sl'\“’- wn surwooudw,fov; quve 5 no du}mqm»n/dqmpmg
T > 00 ) (&Y)
so we hanve fue
First Lowdow £ quahon: 09 — M€ ()
w ow £ Qu4Non = = E

The (eads © tie Conduc bty

) o
O(w) = JE?") SRR
Y
This r, dependence is a signatre of super comduchvihy. We €xpect q

dwevgmg waymary part a3 - 0.
Favaday ‘s Equaton is

(s)

VAE = - £ 2B ®
dubshtuhug (4) nto This and Mamrulahug telds
at(va ' '\s_C B) 0. (7)
Howeer, the Meissier Cchd- reqlwes Twe msude o vanish
2 o nsc"_.

V”:-W B * (8)

Wt Show This requivement l’b ﬁm Consider g The Mazwel equahou
Vx = ql;;i-—gtE (9

Pr e giahe Case_
D{, E O- (D)

& So dhes Shrﬁvoo\'\Jm'huﬂb fqwuwve Q nou-Hime Wwyng'J



Ths  gives

VxB Cl (i
We take fue curl of ‘]’h
Vx(7xB)- T 3) (12
Expaudlug this aud Cohsdc»-mg Gauss Law for Mmaghe hsm
V- B=0, (13)
we gct Z T :
V B - mce B ) 19)
The solubon o this fakes tue Torm
By <e (is)
The (Uagﬂ\ Scale i$ 'I'\»e Londom Pwd\-aﬂov\ dCPﬁn
mc? (16
Ymnse*

This expowonhal decay describes Sur face Cuprtats
Wwhuh Streen e "-Prllcd B feld.

Ouiscde
——— = luside

Bo m Eﬁhn

Shv'{uce

Suffr Conductyy



