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Problem Set 1 Physics 225

I would like to thank Ronald Panganiban and Gedrich Dy for some of their insights into our discussion
regarding this problem set. I however certify that the solutions below are my own work.
Problem 1

Solution

We consider that the coordinate components of a vector must transform

% — y® (3:'8 ) (1)
according to
oy*
Vit = 2V, 2
Ox? (2)

We must show that the action of the coordinate basis one-form dz* on V

dzt(V) =V* (3)

also transforms according to the formula in (2). We note that (3) is equivalent to the action of the
vector V on the one-form z*.

V() = 0 )V (@
V“i () = orV (5)
ox *
vegh = ve (6)
Thus, it’s clear that
dz" (V) =V (a*). (7

So if we show that V (z#) transforms according to (2), then we would have equivalently shown that
dx*(V') transforms as such.

We find that we can enact the transformation on (4).

0 oyt oz
Ho(pY @ — 7 @
D@y = 0 ®
oyt oxY Oyt -,
oz &EO‘V - 0x %V )
W svyra _ OV 4y
&maav = ax"/v (10)

Thus, we can see in (10) that (4) transforms like (2). Therefore, (3) also transforms like (2).

We now consider the coordinate transformation given by

T = Ssinh (gt) + L sinh <gt> (11)
g c c c

X = C; (cosh (f) _ 1) + zcosh (9;) . (12)



We seek VT and VX in terms of V* and V.

Taking the differentials of T" and X, we find

d1 = cosh (gt) dt + 1sinh (gt) dx + x—g cosh (dt> dt
c c c c c

t 1 t
dr = (%3 + 1) cosh (g> dt + = sinh <g> dz
c c c c
. gt gt g . gt
dX =csinh [ = | dt +cosh [ = | dx + —sinh | = | dt
c c c c

t t
dX = (c + %) sinh (gc) dt + cosh (i) dx.

We can then use (3) on (14) and (16) to get

dT(V) = (% n 1) cosh (f) dt(V) + L sinh (gt) da(V)

(
. (

Q.E.D.



Problem 2

Solution

We have the inertial coordinates

¥ =t (1)
ot =1 (2)
2 =y (3)
' =2 (4)
Our Minkowski metric has the components
G = diag(—1,1,1,1). (5)
We now consider the given Rindler Coordinates
=7 (©)
' = ¢ (7)
7t =y (8)
7 = 2. (9)
We have the transformation given by
t = 7cosh¢ (10)
z = 7sinh ¢. (11)

We can then use this to find the components of the metric in this coordinate system. We first start by
trying to find the line element ds2.

We get the differentials of (10) and (11).

dt = cosh ¢dr + 7 sinh ¢d¢ (12)
dx = sinh ¢dt + 7 cosh ¢pd¢ (13)
Thus, we can "square" these to get
dt? = cosh? pdr? + 27 sinh ¢ cosh pdedr + 72 sinh? pdp? (14)
dx = sinh ¢dt + 7 cosh ¢pdo. (15)

Due to (3) being the same as (8) and (4) being the same as (9), we get
dy* = dy* (16)

dz? = dz*. (17)

Now from (5), we know the line element ds? is of the form

ds® = —dt?* + da* + dy* + dz*>. (18)



Using (14), (15), (16), and (17), we arrive at
ds? = (sinh2 ¢ — cosh? ¢>) dr? + 72 (cosh2 ¢ — sinh? ¢) dp? + dy? + d=>. (19)

This simplifies to
ds® = —dr* + 72d¢? + dy* + d2*. (20)

We can then write the components of our metric as

G = diag (—1,7%,1,1) . (21)

We now seek to find the region of Minkowski spacetime covered by these coordinates. Since the
transformation in (10) and (11) is defined by hyperbolic functions, it motivates us to use the identity

cosh? ¢ — sinh? ¢ = 1. (22)

This is then applied to
t2 —2? =12 (cosh2 ¢ — sinh? ¢) (23)
2 — 2% =12 (24)

The form of (24) looks familiar, as a similar form is used to define the invariant spacetime interval in
Taylor and Wheeler’s Spacetime Physics textbook.

From (3), (4), (8), and (9), we see that we have no restrictions on y and z for the Rindler co-
ordinates. We also note that (24) is the equation of a hyperbola for constant 72.

Noting that
2 >0, (25)

so that
22 =12 — 2. (26)

Combining (25) and (26), we get the condition
r? <P (27)

We now use this to graph the our region onto the xt — plane of Minkowski spacetime on Desmos.

Figure 1: Region of xt — plane of Minkowski spacetime covered by the Rindler Coordinates.

We can see that the orange curves are hyperbolas that plot constant values of 72 as we predicted. The
blue regions show the possible region. Thus, the Rindler coordinates cover the region of Minkowski
spacetime defined by the condition in (27), with no restrictions on y and z.

Q.E.D.



Problem 3

Solution

We have a coordinate system with metric components given by

Gzz =1
1

vy = cosh?(y)
Gay = 0.

In matrix form this is

Juv = 1 .
. 0 cosh?(y)

We seek the geodesic equation for this coordinate system and to solve it for = and y.

We consider x and y as functions of the arbitrary parameter .
x =z()\)

y=y(\)

We denote the derivatives with respect to A as

dzi,
a—l‘
dy _ .
ax v

We consider the Lagrangian formulation. We first get the line element from (4).

1

ds* = da? + ———
cosh?(y)

dy2

We seek to minimize the distance on a curve given by

B
S:/ ds
A
B B 1
ds = dx? + ———dy?.
/A ’ /A\/JC cosh’(y) "

Using the parametrization, we get

B 1 B 1
d2+7d2=/ 2 + ————y%d\.
/A v cosh?(y) Y A ’ cosh4(y)y

Since the square root is monotonic, to extremize (12) we consider

1,

L=+ —F——7°
cosh4(y)y

This then yields two Euler-Lagrange equations.
d[oL] _or
d\ | 0& |  Ox

(12)

(13)

(14)



|

|

|

dor] _ ot
d\ |0y ] oy
We first deal with (14).
oL _
or
oL
94
or
d [OL
~Z ==l =2
X L’?dc} v
20 =0
This yields the geodesic equation in x
=0
We now deal with (15).
oL —4
— = ————(sinh T
5y = oy )
oL —4
— = ————— tanh(y)y?
ay COSh4(y) (y)y
oL 2
oy cosh4(y)y
d [OL 2 -8
Il el — . t h .9
d\ 83}] cosh?(y) cosh*(y) anh(y)y
] tanh(y)y> = ——— tanh
cosh4(y)y cosh*(y) W)y cosh*(y) W)y

Solving for ¢, we get the geodesic equation in y
ij = 2tanh(y)y>.

We now seek to solve the geodesic equations (20) and (26).
We start with (20). We perform a series of integrations. Note that we will have multiple constants C),

from integration, that we will relabel from time to time.

/J'éd)\:j:

t=Ch
/ TdA =z
This yields our solution for z.
We now work on (26).
We consider the identity
. .dy
y=y dy’
Equation (26) thus becomes
di
yd—z — 2tanh(y)g?.

(27)

(28)

(29)

(30)



Multiplying both sides by dy and integrating, we get

/% = /Qtanh(y)dy. (33)
In|y| = 21n|cosh(y) | +C5 (34)

Taking the exponential of both sides of both sides of (34) and rearranging, we get

y = Cycosh?(y). (35)
We rearrange and integrate once more.
1
— tanh(y) + Cs = A (36)
Cy
tanh(y) = C4>\ — 0405 (37)
Relabelling arbitrary constants, we get
tanh(y) = C3\ + Cy. (38)

We then solve this for y to get the solution to that geodesic equation.

y(\) = tanh™* (CsA + Cy) . (39)

We now introduce a coordinate transformation with a flat metric described by

g =dz* + dy’”. (40)

Equating this to the original metric yields

1
dz? + ————dy? = da” + dy">. 41
cosh4(y) Y 4 (41)

Looking at (30) and (40), we can assume both x and 2’ are linear in A. So this motivates the putative
transformation given by
z =1 (42)

Thus, (30) can be rewritten as

[2'(\) = CiA+ Gy | (43)

To make (38) linear, we need to free lambda from the inside of tanh™'. This motivates the transfor-
mation given by

y' = tanh(y). (44)

Applying this to (38), we get
Y = C3A+ C. (45)

We can easily see that (42) and (44) are equations of straight lines in .

We can check that (41) and (43) are indeed the correct transformations. We take their differentials.

dr = dx’ (46)
1

= dy 47

cosh?(y) Y (47)

Squaring these, we do indeed get the equality of the metrics in (40).
Q.E.D.
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SET 2

(1) Let V = V*9, be a vector field on M. Let g = g,,, dz*dz” be a metric on M. (a) Show by transformation
I) properties that Vg := g,V are components of a covector. (b) Is 9,V" a tensor? (c) Does 9,V" — 9, V#
represent components of a tensor? What about 9,,V,, — 9,V,,?

We have the vector Hefd V on M of e form
\I = VM 944 . (n

We (et
9 = v dx“ dx” (2

be a metyrie on M.

A) WQ want tD Sl\ow that Somcthuuj of the form
— d
ave COW\POV\M'LS of a Covechv, \{\9 1 ranshrmation Propcr'he.s-
WC_ Can ":alte ":l«L metvic ‘fVow\ the chart
B
xj—1y'] - (4
Thus, (2) may be cguwakatly expressed Via Transformaton as

— x* ox’ .
9 = Juv 3{5& 3;“ d&j\ed'}j : (s)

Wit dx* 9Ox’
— X
Gq = Juv 3P By - ()

as the Oompontn'ts in thu new chart-



Slmla\r\v, we Consider thc. "'lramsfbrmatlw\ of the vecovw
m (1) via the transformation 1 (4)-

We get
\/ = 29* V* 2 (3)
raxou B
This thew has Components
— 9‘5’8 M
b4 v J .
Vo= i V (8)
th. Now “act 3 Onh V lm'“li) new chartl:
Swmee
g € (0,2) (2)
and
VEC(,0), (10)
we Cxpcct
9(v,-) €(0,1) (n)

wheh s a covectr-

‘V\ {b”} 'the.n,'('.l\c componeats of (1) would be

v B
= \|¥ _ SXM oX 9‘9 -
?)VV = Juv 5gP Byt By V (12)

Uﬁlhg “cancellation” to Simplfy this we have

— — 3 -
sv VSB o 3_;;“ 3"4\)\/ . (13)




WC kvmw Q CoUcCTDV‘S Componemt‘ frahfﬁhm as

TSN =% Wy (14)

This matches the form of (13), and thus have Shyur the
validity of (3)- This also matoues our prediction in (I1).

B)WC wanb €0 kvmw o ’aMV" 1S a femsor.
We know this & equwalet to

vV_ 9 \
uV -W\/. (1S)

To fwd out whether or not this is ke a tensor, we must find
out whethe it Hransforms like a temsor.

Vv loo ks like €he Cowpo\nm't of the Ucd‘vv‘, S0 we ‘|‘mnsfbv-m it
between the charts

(0§ - {9 (19
So like (3), we get
Vse _ 9_‘9:8 VV . (I»

Now O looks like q basi vector, so it showld transform
Covar(autll,, as its ndex 18 covaricut (Co 9oes be low).

{XMX N {‘JN} , (18)
as _ 2

g“ - T (19)



So, “ke” (149),

~N - ‘ox*
N — ox™ l . ( 1)
2 Jyad  ox*

So now we waut to see f P, V* looks hkea tensor
AV’ =2:q X (99 V ) (22)
By the product rule
g—qvﬁ = 2:«%(0 ';?(M(V) V' ('a—gﬁ)' (23

VR - X9y P T
’édV 994 % 944\’ YT 9x‘«ax\,\/ (24)

The fivst towem ow the RHS of (24) looks
ke the travsformaton of a (I,1) temsor.
HDW&I-CM, 'the a dditoual Secound 'l':bv'w\ SCrews

this up. So unless the Seand torm s

o, [,V 15 net a tensor/

hor e components of 9 feusor .

Twe Sceowd dervahve & ot how we expect
t ewsors to transform.



C) We now waut t check if
AWV -V =gV - gV
are the components of a femcor.
The tvanshrmahon of D, V" is gven by
Oy £vansforws as

~ _
~ 9 v l -

V“ transforms Qs
o _ Q0% M
V - 7?(74 V
So 3 VM 'bf'qMS'fDrms as
2_(u?
(a,BV 'bg*’ ’&x"(% V )

B 0w Pro duct vule

A = Fh2, () IR

9x“ 29*® 9xY 2y* Max*

N | (5_‘3_ Y 9x’ ?°y?
(asBV - XM 'bg” V VM'bg"’ ox'ox“

(zs)

(29).

(26)

(25)

(28

(29)

(30

(31)



So, (25) transfrms Qs

('a_x"%’a AV ¢ 2 Py \/‘>

R 994 X’ 097 xR
d-—
N __<'a_’@”9_ﬂ“ AV 2 Pyt (32)
998 9x* VY 99* 7 o
W RY” o (v X QYT 4
~ 8 ~ 1 < Wq 5?‘-\’ MV 9y# ox* r‘)vv (
o
dv _aev - 33)
RS 99 oY 9yt
29 ' 292 3 9x

0 wee again the terms m the first parenthesis look okay.
H’owwv; the trws mthe second Panutlr\“is Screw (T vp
swilarly to that m B).

T“\B,thcs: are not the Components of q tensor.

TIM_ ZM‘ d(’/rlum'hvt Camwof be come 0 In
90vxwai, Stnce the numevator it G parhaf
mthe y chards while Twe dewomanator i
M twe 2 chart-



Now, we want to check if
2 9
(azuv\) B (avVM - ’a_x“v" - ’a_x”v« (39)
ave the components of a temsor.

Lets first focus ow Vv The trancformation of u is Shown
wm (200 Gud (D

NOV, tvans FDV'WIU\_Q V\; via (18), we consider THis has 6 covariant
ndex- TWus, 'l:bu’s +vraunshvws like

V,s =fa)(_v V\; (35)

Thus, (QMV\, t'V'am'rbv'ms Qs

U _ ot 9 [
go\ VB - TR 6XM(9’¢ vv) (36)
Usmg the product rule

~ U o TR 4
o Vﬁ =y g_;se 'a_w(VV) ¥ Vv?a);e\ ;ax«@;:) (3%)

3V _ Yy A X
WV, = S 'g_;; Al + Vy B o (9

1t then becomes easy ™ construct the trans fovimaton
of (évv'« From ths. It is

2V = ox ox* i XM




So the troushrmaton becomes

9x“ ox’ x4 X
33“ 33"8 %V V 3.3 oxM 3”“’

X Iy i D xM
<39~ﬁ By ,a"v VM 99«,8 9,39\.,«)

WV -2\, = (4p)

Rtglfbhplu5 to\ru.s
ox* 9y’ dx ™
( oy oy” Ay = By By avVM> (1)
x“ ,azxv -V A D XM
Vv ¢ IX“Jy?  u oy 9x'9y*
Ox*
Ay g;sv((aMVv B QvVM) (42)

o axt X Y % 9 xY
Vv vy 9xX“9y? Y 9y¥ ox"9y*
We consider that

(ad VB “'g,e Vd -

(au\ VB ‘(a,e Vd -

gzx\) -9 ’6x)

DxayE  09y° | o (43

g_:: = SVM, (4%)
ZN

So QM)( - 0 (4s)
0x“ 9y*

Simi lar(l, hen, g‘x'“ _
mq = 0 (46)



Se,

ox* 9y’
“Oa V,e - 9g V,‘ = ‘a_;ﬂ %e(’é«Vv _gvVM) ' (493)

T(AV\S, fhesc are thwe compomw’(s of a fousow.




(2) Let f : M — N be a differentiable map. Prove the following identities and write local coordinate
2 expressions for them.

(@) f*(ha)=(f*h)(f*«), where h € C*°(N) and o € T*N.

®) [f.X, f.Y] = f.[X,Y], where X,Y € T M.

We [etf
f.’ M-a“ (1)
be a differenhablc m ap-

With
hé CWWD (2)

awnd

€ TN, (3)
wet  want  show

F¥(ha) = (F*h)(F*«) - ()
We can represeqt F as

S’F - :F)B(XA)’ (s)
wherein M ks tie chart {0 oud N {GP] - (O 6 cnnionce ot )
match the
We fepresent o as
L= o dy® - (6)
TV\\AS, We 'f\hd Via transforwmatiow, yig pullback

o = (d\s ";i:)dx (#



We ft.l)resw‘t h as

h=h(4P) - (8
Then, £l pullback acts on h as

$h=hof @

Fh = h(yPom). (10)

Thus,
($*h) (%) = (l\(g‘“(x")})(d 8" )dXA' (1)

NO\»’,'ﬁT" $*(ha), note that hot Is a scalaw mulhpheaton.
Thus, we  expect a similav transformation to (7).

$*(ha) = (kd ")i‘s)dx‘- (12)

Swmee £his is m the 1x* chart e _Exp omd h mteorwms of
the  cows ldemhj h i ovlg mallg €C (U) Thus, we 9ct

§4ha)= ((h(oPoem)s 25) et (1)
§¢(na) = (h (fen) (B 23] det [ (19

(1) awd (1) ave 1dentical s
$*(ha) = () (%) (Is)

(lq) .ls Q\Vc,adlo a IOqu Cobrd|‘atb eXP"CS.SIOP\-




B) k- simpldy, We  vse the same Charts for M aud .

We consider
X € ™ (16)
YETM. (17
We have X owd Y represeted as
X = X* O (18)
V=Yg (19)

We find that the push forward works as

TF X=( A 2_’?:8) g’e (20)
{'Y ( "9y ) o - (2)
oxF

S Ince t hese arc both vectors 6 TN how, We CxPc_d' +he Commatator 1 work as

EX A= (@2 @07 (Fs, ()2 o

Wf— Yow work oOn cxpandmg'l‘:hls

Wa@) =R (3) o
(1°58)2 (7 35)- (0 98) (v 2) s




Bb Prodhc’( rule,

i(yf 93%‘) AVFoy” ryf 'yT

oy” X" oy” oxF 0y OxF (257

Thus,
(f,X)SOQB G* K o <g;/ "993F Y’ ’6’3:%;) (26)
So, we expect

(fo, (= 73 (o S ox B) - @

We evaluate the 2ud dervatve as

Yy ?

’aascaxv =9 ( 'a?,#) (28)
Yy ’3 T

o oy ar(de), (29)
y"

’bg"ax" 0 (30)

whech ¢valuates ty O, Stince the Kroneckw delfa is q constant -
Simlarl A
Yr 9 37

°d . (3)
37 or*
So we 3tt/ >
el () A9 839 () ’a\/F
Ea 0= XS5 5 ©

L LX) yoy a%mA (3



Thus, (22) becomes
53 > F A
BX A= (C3F5F 30 - YR 2B op (s

COV\SIJCY(M\I) dhmmb mdices and f&IMCXIuj the Second term

80T YF
IEF,, X,f,,,Y]= <XA%% %{p Y24 9&"‘9*)9@ (35)

OxA axF av
Factorug ths,
5 389 T yAQYF F
IEJC X :f' Y] a?\ v <X B \/A’g—);.,> O (36)

We vow work on the RHS: ‘F*[X,Y]
We wote £hat

X, Y]€ TM- (3%
And it 9lves

[ ¥] =(X*9,Y" - YA9,X") 9 (3
A push forward on this ,Considerung both A awd F wdices then gives

LIy] = 30 (o -y X9y - (0
§[Xy] = 99" "(x“'w a_> . ()

oxA 9 39" i

Thus, mdeed
IEF& X/ f* Y] = '}* [x' Y] (41)




3) (3) Consider the map ¢ : M (C R?) — R? given by
d(u,v) = (2 cosu + vsin 5 oS, 2sinu + vsin 5 Sinu, v cos 5) =: (z(u,v),y(u,v), z(u,v)),

where 0 < u < 27 and —1 < v < 1. (a) Plot the image ¢(M) in R3. What surface is this? (b) If
g = da? + dy? + dz? is the Euclidean metric on R3, compute ¢*g. What does ¢*¢g mean geometrically?

We have the map
d: M(cR*) = R® (1)
Whnelh s givon by
CP( b, V‘)‘:(z Cos(u)+ V"Sin (-‘;-) cos(u) , 2 sim(u)+ V'Sm(g-)m(w, v Cos(-g-)) (2)

¢(l""'3:’ (X(“"")’ S(u,r),z(q,u—)) - (3)

ln this case , U and v arc bowded as
0 £ u<2i, (4)

AR S'ANE ()
A) We want to plot the mage

Gm)CR’ (6)
USIvlg Mathe matica, we sec that thisic the Mobius StHP.

u
In[9]:= Par‘ametricPlotBD[{Z Cos[u] + vSin[—] Cos[u],
2

and

2sin[u] +vSin[§] sin[u], vCos[g]}, (u, @, 27},

{v, -1, 1},
PlotStyle - Directive [RGBColor[@0.16, 0.9, 1.], Opacity[0.72]],

AxesLabel -» {"x(u, v)", "y(u, v)", "z (u, v)"}]




B) The Eucldean Mebric m |R? i

9 = dx’ 4 dy + de’ (9

We wat B compute the pullback operation ¢*g.
We kaow that

9: TNxTN =R, (8)
> $'9: TMxTM >R . (%)
Cons:dcrmj M has the chart
and IR’ hos f{\f?@{t“”j / o
{y3f={nu2f ()

we aPPlb the forwula devwed m class
4 ALY
39 =(30 T 50 ) 0" 0
So we how calculate

'a_X = -2 Sim(U)+ \F(-;- Cos( ;)Cos(u)— sw\(%)sm(u)) ('3)

u
i
oV

9_?/« = 2Cos(u)+v-(-'2-m(°'%)""‘“’+ ‘“‘“""‘@')) (1)

= Cos(u)Sm (‘-;-) (14)



3,;%‘0 = s«n(’)SW\M
92 _ u
3— —V'SIV\( )
22 _

Bi- Cos(‘_‘z-)

FV'OW\ (?‘) we kvmw 't'n.ﬁt
I 00
s =(553)

(1s)
(13)

(18)

(19)

Thus we Ol/ll have to consider the diagoval +orms of (1%) m (12)-

'Tkzrcfore the Componeits ave

_ Ox 9x 9479y 92 9e
(CP )uu = 3u 9u du 2u du u

(q),, )w _ Ox x ’65 24 ’a-zb

Vv ‘a\r v 'a\r oV ov

ou 'a\r ou ‘a\r u v

(45*) = o .49y Q2 9z
vu oV u 'a\rau v 9u

(qyi'g) — Ox x 9‘.’) 24, 02 22
uv

(22) aud (23) ave clearly eguualent so

(¢'9).,= (#"9).

(20)
()

(22)

(23

(29)



USlhg Mathewatiea, 'tlnesc evalugte to
= 0 0 bttt o

v 2
(q>*9)wf D (23)
(#9)e, = 0 (2
Thg,

B9 1o (3 -seote) - rsn@)dd e a® | (oo

G\eom'tv‘(cally, ¢3 18 Intevpreted as on mduced metric 'from N
to M. In owr cosc this was fromthe Carfesian chart on IR
{%y25 B the chart {wv]on MCR®.



L' (4) Let g = d#? + sin® Adp? be the metric on the two-sphere in spherical coordinates. Verify that if K = O,
then £ g = 0. Find another vector field on the two-sphere that satisfies this. Sketch this vector field on the

two-sphere.

We (et
g = d9 +Sm29'd4>z (D

be the metve owthe two -spheve ™ sphevical Coordmates.

We have the Killwg  Vector
|< = 94" (2)
We wat to show if
£K3 = 0 (3)
ch Oompomcu‘tS O'f iks ave gwc,,, [,9
(ik”.«v: 914\’,/, K}; 9/v kfu+ 9,.,}, K::, (4)

FDY‘ (7') , Swmee all (ts Components ave coustanl-
g¢w\ B
9y =0 (¢)

(s)

So
( 3*9)“\) - 914\:, p (‘3¢)p ()

From (1), oﬂ:-dlqgomal elements of 9 ave ()

94 = O (8)

904’ =0 (a)



(£9¢9>99. - (%_Q(I)) (0) + (7?'4,( I\) () (IO)

&, = ° (1)

(i%ﬂ>¢¢ = ( g-;e (sm'ﬂ)) (0) +( g-q)(smzﬂ)) (1) (12)
- 0

(£°¢9>¢¢ (13)

-—llluS, Bg (9), (9), (). and (12)., mdeed

= 0 (19)
£,,2 &

Flvw(w\g anvther appliaable vechor feld amownts o solu mg (3).

Swmee a two-sphee is coustant In 1) we ouly have ® consider B, ¢.

So we have Tosolve (y) as

,9), =0 (m

(&kg\% =0 (16)
(ikg)(bb = (13)

(£k6\ - (18)



ij Symmetry,
(£k3\9¢: (ikﬂ)m : (19)

S°IW¢ °"‘lb have ‘quc,c ezuqhws’co solye-

( IS) becomes

999

a5 K+ SK g ok*

= D (20)

Comsdonug (8) aud (@), This becomes
9‘

8909 k‘9'+ %9 |<¢ + Z 999 ﬂ _ O (ZI)
P'Mjgunq I, ‘f,hu be comes

[]k +a¢[]k+ 20)3—‘;0:0. (22)

6
A 2—5 = . (23)
The  couds hon way be stwplified ag
<®
%—9 = (24)

(l “) bc comeS

_Q
k ¢ k +6 ¢ +9¢¢ *30'0 aq) 3 #%Eb O (ZS)



Cous(dmug (8) aud (@), this becomes

b 8
9¢¢3k + 3“% =0 (26)
Pluggmg wwe get
b
Sin Ggg gg = 0 (23)

(18) becomes

99«,‘(9; 90¢¢k¢ okt

90¢ 4>+9¢ 3¢+9¢03¢+5¢Q =0 (28)

Cousldcﬂmj (8) aud (Q) this becomes

¢
+ e gg+5¢¢ ok? _ (29)

Pluggmg lh this beccomes

(g& [SI 29] I(o [SI 29] ch +lsn'p & ¢ (303

99¢¢|< . 99Mk¢

¢
LsmB cosd |<9+2sm % = (31

Dlmdlv\g bb JSInY, we get

oK®
cosB k? + smb

¢ 0 (32)



So our Cowdrhows arc (24), (25‘),amd (32)

(24) tells us that
k® = K%,

Swee L Gan't havwe © depend euce.

(29) ad (32) can (:bc rewriten as

25 oK oK®

Sm '9% - -%

& k®

CosO K" = -sinb Ty

(33) and (3S) ‘yc(d

biN= - %K?®
) TAMW

Rcarvauglmg and m’ccgmhhg ,'{:his becomcy

-
-CoTH Jke(cb)dcb = | k®dk?

r
K® = -cor [ K@)
Uswg (38) 1 (34), this gies
_ ok®

Sin B ag—e(fow f|<°(¢)d¢) = 30
S|h26<csc‘ﬁjk°(¢)d¢) =" %_KJ
2

[kwag = - A
- Bc()

(23

(39)

(35)

(36)

(33)

(33)

(39)

(40)

(a)



(4)  glves

SS Kerydodd = - |<9(4>) : (92)
Solu\ug (42) & of course equwalent to
Y x:
o (k%) _ K

9 (Pz 2 .
9 (K
- k9(¢) - Y5 (44)

when we diffecentate twice, aud move tie nega e sign.

(93)

The selyhan & this DE s obutously
K%@) = Asm & + Beos ¢, (45)
whee A and B ove some comstauts.

(38) then yields
K = ‘COTQS(AS'MP +Bas)dp ()
K4> = ACO$¢COT9 -Bsmd coto (43)

S\\Acc 'U\c. K\“mg vectors T case take '(;he \cbrm
K= k"3 + k*3,. (48)



we have

K= (AS\hdH Bcosd) D +(ACO5¢COT9 “Bsing o) 9y | (49)

Iln the Interest of Plot'tchg, we assume
A= | ()
B= [ (s
and that the vadus of +h Ewo-s phere
R=1. (52)

So 4 hat
K = (S\v\d)+cos¢)go +(C05¢C0T9’ Sing C"Te') % (s3

F(guvc \- PIst of vector feld k
on Umt two-sphere -
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‘> (1) Proye the following identity
va (Rebcdwe) = WevaRebcd + Rebcdvawe

using index-free notation.

WC seek tv prove
Va(Rcb‘d we.) = wevaReml + RechVa (A)e - (D

We nste €hat in mdex-free notation

R = R(det 5,9, 94) o
Rcbcd = dx®(R (8,9, 94), (3)
Which w terms of o dowor produdt 1s
R4 =CCCC (d¥eR®9.05®34) (4
We con than interpret R, 500, @ R actny on
a one-form
RE = CCCCC(woRoNONOA) - ()

_nl\us,'(:kc Covarant dervative ack on this ag

VCCCCC waR@03%0%): CCCLC (W (woRoa,0a00)- (6



We can expand this as

Vo W)@ R®2,09 024 +
w®V..,R®9b®a¢®ed+
caccw W (weRed,03.63)= (UL | weReWud,9 85+

wWeR @31:@%3(.3&”
WOR®B % ® 3 ®VA,

(

CDV]S\A Cﬂkg 'Hl\a'(' ‘BP a Mmeire- = Comparhb(e Connectian, Whu,h we QSSMMG
€he Covavuawt devivatees of vechvs vausl,

V 95 = (8)
v rac = O @)
Vu94=0 - (10)

TW‘S ) Smp| s to

CCCCC( V. (woR9,09.89)* CC((C<W“’“’)®R®3'”“’3“ (1)
WOVLR® % ®3 @ 3d

Trangdatig these £ erms back wit abstract wdex notahon guves
aqqqe ((Vw w)e R®M‘a¢oa..) = Rcw (Va oac) (1)
qqqqe (waVuR@ B ® 9 @gd) = wc(v..,, Rcw) ) (1R

whore we haw ke The Covariaut devwatve as Vi -

Thus, addug these together and tsmg (S), we get

\VA (Rew We ) = WV R + RE,aVh we| - (19




(2) Consider the manifold S? with the usual metric
2} g = df? + sin® 0d?>.
(i) Compute the Christoffel symbols of the Levi-Civita connection.
(if) Write down the equations of parallel transport for a vector V on a general curve {6(t), ¢(¢)}.

(iii) Specialize these to curves of constant latitude (say {6(t) = o, #(t) = ¢}) and constant longitude
{6(t) = t,¢(t) = ¢o}. How does V change when parallel-transported along a right spherical
triangle (starting from the north pole, down a constant-longitude curve up to the equator, east along a
constant-latitude curve, and again up a constant-longitude curve back to the north pole)?

We hawe the metre
q = d9° + sn*g dp? - 0

i) We can calculate the Cheistofiel Sbmbols from
'HM. Eulw-ngramge C(tua'h,ous we Use e 3eodeucs.

Consider that m general, the 9eodesic equations take
the  form

SZG + EI:).(“).(” =0 - )
We take the Lagmmglan Qs
l— - 3‘*,3 X“X* . (3)

|4 can be seen that the metre m () s dlagonaf,
So we expect two geodesic e guathous.

RC.aJIVlg off the metric, (3 9gjves

22

L= 0 + s 432 ' (9

W\nm ‘HM. ‘ Nprescuts O der‘ma’hue wrt- our
Parometw t.



Startmy with the & cquatin, we regure

SL[oL] oL .
ﬁ[ﬁ]- = 0, (5)
Wheee n
(%_lé = 2.5inbBcosh 432, (6)

oL '«>_L'_2[ '

9 [faél"f))ze]/ (3
o 3L [oL

9 _ o0
5{_55]_fze, (5
Therefire, the geodesic equathon reads as

29 - 2.sinBcosb (i)z =0 (9)
In +he Porm of (2), thes Stwp lifies to

.9. - Sinfcosh (i)2 =0 - (10)

Now, fo- the & equaton, we reguve
aL[aL] oL -

2% ()



(12)
ra— = O/
¢
Ll Boted | o
ot | 9%
and " o
oL [ﬂ‘]= 259 + Ysinbeosd § ¢
ot | 9%
rea Qs
Thevefree, the g eodescc ¢ quaton ds g
28"‘)29’&5 + Ysmbeosd b= (-
| the forn of (2), the Sm.Pllﬁc.s t y
n e 9
(B+ 2 cote b= 0 - g
V g ('2.) we can Yvead off (10) to fm
S| /
)
[ omboso) (17
b6

Readmg off (16), ¢ -
200TH = E‘ ¢o

(19)
Smee ‘_’(b
ob ¢e !



¢
EL = CoTO (20)

¢
‘:e = CoTé | (20

All othe Chvisto ffel Symbolg arc 0.

i) FOV‘ a Vechr \/ tlhe c@uafwc of paralle| Lransport are
Guem by

DV = () (22)

(dV” ) = 0 (@&
¢
Thus,

Ve ,
% + E:V*x” =0 - @
For our owly npn-2evo Chres foffels then, we Wave Jor /=0
dV®, Mo /44 - )
ol CM Vib= 0 (25
6 .
<(§j_¥ - \/¢SIV\OC°59¢)9@:O . (26)




For (5‘-'(|>, we  lave
Wk
e VoL
1 q>+’;9 \/¢é = 0 (
23)

(0}1_\’!4)+ COTG(\/"' '
M) O

iii)
Fov  constaut lahtude

( e(f) = 90
26) 9wes (zq)
dV° "
\/ SMOCosOCI) =0
(ﬂe - (30)
(28) e dt v Sm9°cos9°¢° ¥

A
o C0T9<\/9CI°> X V"(o))
(32)

ﬂ‘b: - CoTo, ¢
076, Vo (33)




Now fir constaut |ongrtude ,wheve

Cp('t) = CI)D . (3‘”
(26) gues
0
(i—\l = V¢Sm960se(0) (35)
0
‘i_\{{ = (- (36)
Thus,
Ve = ¢, (39)
whoe € i Some cConstout:
(18 guwes
dV®_

i eoe(V0-tg) e

qu’:_C o~
s ote \/* § (39)




fv  tvansportwg a vector arowd
Q P\gh’c 5Phc\r¢cal ‘h‘mnglc, 'Cffs Consdor

P =(0,d) (o)
P =€ .0) (1)
= (%,0) (12)
oud back b 'tI:S :Ngi.'xg,(; ()
Py . }) (4y)
Ps=(,0) - (4s)

Soe af P we just  have

\/|>| = VP'(P b + \/P'B Do (46)
From P, 2P, ths i constaut longitude. And
b= (4%
So from (37)
VFZB - V,ﬂ ; (48)

and (39) 9Ives

‘i_\t/‘p:-cow TALO) (49)



Takwg the Cham rule, we can use

d. dbd
dt gt df
Qnd DDuSld&rmj (‘l":))
‘W =-coTp \/? .
Cousldcrm_g
le'ha( = 6 .
lm'hal - V (9 6)
- \/¢
Imhal v (9 é)
So\Umg, we fud
L
- 5%&; = {COTGdO
In -Vd’ = |V\(Slvu9)+ D
\/ Vlmha( Slhe )

Thus A
\/Pz = \/P'd> Sin (é)

(50)

(S1)

(52)

(53)

(54)

(s5)

(%)

(s3)

(s9)



Vp = Vp,¢SIV\(€) o¢ * VP,G ‘Op (59)

]

Now, 'ﬁ,r fo = P3 , this 18 Constant |ahtude .
Note that

b =1 (60)
From (1) and (33)

9
(i—\{{ '-'V¢Sm(‘§)(,os(‘;.)(l) (61)
9
(z—\l = () (62)
¢
L~ - corgg V9 6
AN
d—{' = O (64)
(62) aud (64) 1mply
V/° = constant (65)
¢ - ant ,
S0 Ve C:"‘St M (66
\/F_'; = VPZ (67)
A (58)

Py Pa



0
VI’3 - VP,O (69)

¢ _ 0
Py VP, Sin(e) - (70)
MO\IJ 'ﬁ;r Fg,‘" ﬂ, ,f.his IS Constant longitude , where
é = - - (71)
Similar © (48) and (58), we have
b b
VP., - V|>3 (72
fo B \/p3¢51n[£), (73
Which give
-
P'-[ } PI (7‘0
¢ .
VP‘T = Vp, Sin(€) - (75)

Now for f =P, , thisis constant lahtude , where

(f) = - (76)
From (31) and (33,

i
-V
Ve
dt

SIn(e) cos(€)(-1) (33)

=-V¢sm(e ) Cos(€) (78)



USmg Chaimn vule,

dxe )= - \/¢sm(e ) Cos(€)

dVe \/¢sm(e)cos(e)
(Mb
do
dV

(D= CoT(e) \/®
¢
Diffrentiating (84) by ¢

gV CoT(e) dve
do'

Pluggmg 1n (82) Jves

d

i CoT(€) \/9-

d V =-C OT(e)(\/ y SIn(e) cos (o)

(79)

(80)

(81)
(§2)

(82)

(84)

(8s)

(86)



%zq)’ - cos’(€) - (82)

This 1s solved as

V = A COS(Cos(e>¢) +B Sm(COS(é) $)- (88
Fluggmg ths wmt (82 9gves

‘%ﬁ = SINE) Cosle) (A cos(c 0s(€ ) cb) +B Sm(cos(e ) d>)> (89)

ntegratmg (69) then we get
\/®=sin(€ Jos(e )(L\fcos(c s(€ ) p)d+ Bjsm<c os(€ ) ) d¢> (1)
\/= sm(e)<A Sin(cos(e ) )R COS(Cos(e)q))) D
We apply the mrhal coudrtons of Py & this & gue
qu¢ = Acos(cosery) + Bsin(costery) (4
V: i@ = Acos(os®X) + Bsm(cos®X) 3

V,,f = 5Ih(€)<A Sin(os(e )1) B cos(cos(e )’X)> (94)
Vr,e = Sln(€)<A Sin(cos(e )1)-R cos(Cos(e )]/)) (as)



FDV Slmphaﬂo , let

cos(€)X = k

V: sme) = C
A

o -

SO[U!MQ 'Fbr A and B/ we fiud that

_ - R sm(k)
A - Cf_s(k) B Cos (K)

A _ D + B Cos (k)

~ sm(k) sin ()

C gemty . D g s

Cos(k) ws® ~ sm(k) ' Sin (k)

B[ Snlk) , cost® ) c __ D
Cs(k) Smik) cos(ky Sm(k)

I
B ( Sm(k’)oas(k)> = C Stn(k) - DCOS (k)

Sin (k) cos(k)

B = Can(k) - Deostid

(%)
(49

(29)

(100)

(lo))

(102)

(l03)

(loy)

(los)



P\Mggmg (105) wto (100) 9Ives

N = Cf_m — (C Sin(k) - Dcos(k)> sin(k (106)

cos(k)
A=C (I S':kgk)) D sin(k (103
A = Ceostk + Dsin(k) - (108)
T\r\crc{wc,

¢ , b
A= V,,, Sin (e)cos(Cos(e>7t) + % Sin (cOs(m) (109)

_ ¢ Vi
B =V, Sin’ (@) Sin (Cos(e>1) - W;e) cos(coso®) - (I10)
From (88) and () then we fmd by mputting

q) - O/ (“D
Vrj) = A COS(Cos(é)(o)) + B Sm(Cos(é)(o)) (12)
V. Yo (113)

b
\/ = Vr. Sin (e)cos(Cos(e>7()+ V SIY\<Cos((:)'X)/ (I14)

aud

\/Pg-_- 5m(€)<A Sin(cos(e ) - B cos(cos(e)(o))> (lis)



b _ R sm(e) (116)

Ps

VPZ" V! cos(cosery) —V:sm3(e)sm (Cos®>X) - (1)

We fnd the difference mthe angle & between
Ve, and Vp. by calculatng the “dof produt

9 (Ve Vrs) = IVEIIIVIl cose) )

‘3(\’? Vl’g)
= )
N AT T (e
9 (VP,,VI’;)
= - (120
Cos(E) J 9 (Ve,, Ve, ) \]3 (Ve.,Vr.)

We will also take the It
B[a the metve bcmg dtagomal/

3(\/?. 'Vl’.) - (VP?)zaeo +Q/” 1471 94>¢ (121

Takug the limt, we find
S(Vr.:Vr.) - (Vp?)l(l) ¥ '"“ Q\/,,"j1 sin'D e (172D

ﬁ(Vr,:Vl’,) = (VP?)I+ |u~\ Q/ ) sIn (6 (123)
90 \e) = () (126




B0 = W s
4 (Vr,,Vg,)=£'"“ / Q/ 9 cos(Cos(é)’X) V Sin (e)Sm(Cos(e)'x)
Sin'(€) \/ Sm (e)COS(Cos(é)
\ SIY\(Cos(é)'X)
Ths SlMPll'flCS t

5V, V)= I <<\/r:’)1c 0(Cos(e¥Y) + (fo)lsm (Cos(e>7()> (12

I p)- <V .9)1 (128
190N = W (1)

(128

N ow,

ﬁ(VP:Vr)-h /<’<VP COS(COS(G)'X) V Sin (G)Sln(cos(e)'x)

Vr Sin (€) Vr. Sln (e)cos(cos(e)x (139
\ t Ly Sin (Cos(e¥?)

Sin(e)



S ezl (U1 cos (stony + 0) 13

5V V)= (VP.D>2COS Q) - (132)
Pluggmg mtv (120) 9gies

C03(%) = <VP'D> :05 O? 59
Ve®) (V)

Cos(8) = cos (X) (159

e= 1| (135)

T‘/\\AS, the vechr s rotated bb the
Same angle it passed alowy the

equatyral patt.




3> (3) Prove the Bianchi identity:

v[afibc]dc =0.
ecall that we used this identity in heuristically deriving the Einstein equation.

We base thic of€ the Mag 19 lectuee.

We can cxPaid ‘7[3R.,me a5 G Complete Antisy mnehragtion

v[aﬁ"‘]“: _é,_ |tva Rbcclzva Rcb dc+‘75 R cad;qka cde +vc Rab de-chb ad:J.(D

C ons (d6r|m9 -Uu. Sktu‘Samhe‘tVlCS

Rabcd = - Rabac (2)
and
Rabcd == R\,adc p &
we '(:mol
VaRcbdc: ’Va Rbcde (v)
Vb RQCJ‘ T - vl,Rcade, (s)

VCRsuc’ "V Raide . )
So (D Siwmpli fres o

I
VaRiae = 3(7-‘73 Rucde t 2V,R 30t 2V/R a4 dc) ()
v[a Rbc‘.lde - é (va R"‘d°+vl>RCadc t VCE 3bd€> ' (®

Swmee we want B s how That £he LHS of (8) vawshes,
we 0%\5 need B Show that the tevmsin
'ehb ‘:uru‘f‘t&‘cs vam sh.



vaRbcde+v|>RCadc+ vcEabde =0 (9

Consldc,rmg
vg =0 / (10)
We Yacse ‘)tg gu‘.
96“ ‘Z\Rbcdc - v;) (Seancde) ) (n)
This  |eads b
Vs (Se’" Rbcde) = VaRua" (12)
A?P\\g mg this cou actun D the stha two ferus 9glves
d ge“vacade =V, Read” (13)
Gn n "
96 vcEabdc =V, Rabd - (14)

Thus, (2) becomes

v‘* Rba + Vi Read "+ V. Rabd = 0 (15)

Therefore, in ovder to prove the Biancki Idenhty,
We just have t show that (IS) holds-

We now Pollow the reasonmg of Rohmey.

Cov\s[dcr‘ 'Hnat -ﬂ)ra gev\e\ral rank ('2,,0)'(',6“307‘ T,
wWith a Torsion-free  Connechon

Vi3Vb Tcd = vaa Tcd = Rakcn<Tnd)+R“d"<‘|-u> . (10)



Thus, for- the covarant dervatve of a onc-form Vo,
we get by (16)

VaVeV.ws -V, Vw, = Rascn (v.\we) + Rasan (Vc‘*’n)' (13)

FD" G DV\C"FDV'V'\ Wy » Wt would 36'6

n
VbV, Wi = V.V, g = - R de on, (18)
which by Skew-symmety 15 e g wyaleut to
VoV Wi~V wi = Rid"wn - (19

Applying Vs to (19), we get
VAVAVERRTEAVAVAVERAEI VA CHAIRN BEer
By the product rule, the RHS expands to guve
VNV VLY, wi= (ViR Mwont Rid' (Gwn) @

We note that (IF)auwd (21) should be cquivaleat expressions.
WeShow this by Comsidermg the peemutaton of mdices abe i (13).

V.V, V-V V, Vo, = Rea (V.\wd) +R g (Mw,) @
vbvc Vaw‘ —Vc VI: Vaw" - R“can (v"w‘) _l_an (vaw')' @9



We now do the Same for (20 to get
VNN wi-V, Y, Y, W= Raydwont Ra"(Vwn) (29
VNV Y@= Reawnt Read (G wn) - 2s)
Now, addmg (13), (22), and (23), we get

VaVe Vi wy - vl> Va Viwy R%B:(Wwd) + Raun(vcwn)
AVAVA waa 'Va Vc waa = +Rm" (V.\w d)+Rca d" (wa,) (2¢)
AAAIR AR

¥ ch';(vnwd)-l-R\,c: (Vaw,) .
COV\SNJCrmg the Branchi identity € hat

Rabc "+ Ry + R = 0, ()
it fllows that
Ru'(Zeo) Ren(Zeo) + Rl (Few) =0 (2
This meaus that (26) then Simphfies &

VaVsV,wyq - vaa \VARY n n
o AT Rl R ()

WV QoYY Ve +RAGw)



N ow chmg (21), (24), aud (25), we gct

VaVbVw,. V V de (VQRL d )wn"' Rl»cd (Vawn)
AN CE vc va‘ =+ Ravd)wnt Ran"(Vcow) ©9

V V. Vwa V,,V Vwa ' (q Rc“>wn+ Rm (an)°

4 i easily seew that (29) aud (30) have the same LHS, so
the RHS are cqual- We tha cCaucel on both sides-

M (VaRbca )wn W
"M' +(V Rabd>wn+W (31)
¥ A%y a\v Rcad)w"'l'&ﬂm'

This  yiefds
(VaRuan)wn a\ Real)wn +(V Rad)wn=0 (3D

(VaRmn»L MR.ad + M Rm") wn= 0 - (33)
S\v\ce W represch'l's any One-form, 'HICV\ In gemral
ViR,.d'+ MRead + ¥ Rad = 0- (34)

Thus, we have shown (1) and have consequentiy proven

v[aRbc]dc, =0 (35)




(4) Consider freely-falling masses in the “warped time” spacetime

L|> g = —(142¢(x))dt? + dz? 4 dy® + d2?,

where |¢(x)| < 1. Compute all the components of the Riemann tensor up to first-order in ¢. Write out the
geodesic deviation equation in the coordinate system (¢, x, y, z) and compare this to the relative acceleration
between freely-falling masses in Newtonian gravity.

We hae the dlagoual met v
9= - (1 +20@NE + d + dy? + d3°, ()

wh
i [l << |- ()

WQ, Can qucula‘(,( "HIC Chms{‘oﬁt( Sbmbok 'fr‘om
the Euler - Lagrange equations we use fr eodesics.

Consder that m general, the 9eodesic equations take
the form

%6 + l::).(d)'(” =0 - (3)
We take the Lagrangian as
L - 3«,3 X*x? . (4)

¥ can be seen that the metreec m 4) s dlagondl,
So we expect two 9eodesic equatious.

RCang off the metric, (4) 9yves
L=-(1+2d)t*+ *+9°+3* ®

W\nm ‘HM. ¢ Npresenfs 6 deﬂvo'hue wet our
Farometw T.



Pr X° we hae hawe the Eule--Lagrange cquations

d [oL] - 9L
dT [w] - ox ©
d ‘2
d—,c(’lx’) --9,-(|+24>(y))t (9
2 %% = -29;0m+" (8)
g9 =-9;0mL* (2
We Pu‘(: (9) n the forwm of (3) and Swl‘lthmg index to &
X+ 9 b =0- (10)

H‘)V‘ the time Compwdu'ﬁ; we have
d \ 2
Lo (14 20@)26) = (- (1+20)E?) D
-2t (1+2 O (%) -26(2a.dmi+d, did)= = 29 D@4 (12>

ti+r2dm): 2.0mizs 22.0®Ex= 0 @
PM‘fhngfhis mthe form of (3) 9ues
r, 9ed>(Xi {z+?.9=d>(7) ixi. 0. (19)
200 20




R(a&mg off (10) +len

‘:L = 9 $R)- (1s)

Rcodlmg off (1Y) +hew
[ 200 / (16)
tt |+2 d)(x)

O KLY

it 1+2 d>(X) (l?‘)
,_1{ 9¢(x) - (18)
te |+2 d)(x)

Wlhn all ot her Christoffes golug'b cho.
Smee for C.xample e never get terms
\Ml'h‘\ X ,aud, X x

Thﬂ 360d¢slc de\lla'llom cq,uahon s
= 1 d e (19)

The Ru'.mann Temsor iS¢ calculated as

d _ d Id lC 4 ) lC 14 . 26
Rabc_rabral-(ac 3b+3€- be ‘ab ce ()




LCt'S stfart Calculaﬁm? the Rimann Teasor Components -

WC kcep m mmd the denhhes that

R = Rl (21)

RJ abe T Rdbca + R, = 0 (22)
Automafually by (1),

Rdua =0 (23)

R‘ate =0 (24)

Now,
Rtu,c = '3., I—: - 'éc |—al: -I'I—;: I:.i -I—a-l:' Ei. (25)

From (Is) and (21), we nete that oy R'eec, Rpne can be
non-2uro 'ﬁr those witth Up Indey ¢

Rt’cﬁj " O E; - 0 I_: + Ee Ij: - r"' ['" (26)

13 e

R = %0 -0 (a0)+ [T ([: 8(0)) (@9

Rttj: ;% + 85?2942;‘; . (29)




B‘_') the Skou-symmetry m (2[),
Rtt‘jt = ;%P - %6 % (29)

1t t t
For up tdee t, we have Riue, R, Ress, R, g, and Rl

Roue= 9 [t 9 [+l Ll o
Por Rie,

Rtruc = Et‘ o4 Et "Ecl—':c 'Ec tf (3)

t - ) 9‘d>()?) t[t ¢
R Lt DL<|+2¢(7) "9t(0)+|:: L_L -(o)[:C (32

R ikt = 36<9‘¢(7) > ; 0mY
)

+2®/)  (F2dm)

(33)

Bg Ska-symmetry m (21),

Rt i,ﬂ: -DL <|?-‘;b¢i?) > - (9*d>(7))2 : (3‘0
®/  (+2dm)
Now, for Rl ( ¢(X))

t t |_‘t I_‘c t I_‘c t
Rtti —(at ti.-g‘: tt +ti te Itt lee (35)




20 () 2. ( -
o <I+2¢(x)> <|+2¢)2()> Ez .
(Et it +|_Il: l:)
20R) 20R
Rttﬁ ~ O <|+2 d)(x)> <|+2 d))z())
%00 20 @daf Gosy - 7
(|+2¢(x)) 1+2 ) (|+2¢(;g))"

Btg Skew -Symmetry n (21),

a <9 d>(x)> <9ed>(x>
Rtﬁt _ +2 () +2 d>(x)> (39)

2w 2.0 , G.Ox) Qe
(+2dm) |+2(1>(x) |+2¢(x))

t
Rea =

Now,
t . .
Rt =95 i "~ 9y Ia—jlt"'a—: I?f -E L_If (39)
t
R it <9 goles -9 (0) *'\;'t E:-(O) I:: (40)

|+2d)(x)

R = ®j<9ed>(x>> 20@3%00) ()
+2dm)  (F20R)




Btg Skaw -Symmetry n (21),

t
R m._-_-g.<9ad>(7) 2034w
) - (1

J
H +2 bz (+20R)
OWQ\I{A", . [
it we fake only st -Ovde- torms,
Rm - 9,9 P “
Rt b= 9% PR (44
Rt i - O (45)
R = 0 ()
t
Rtﬁ = () (49)
t
Rtif. = O (19
t
R gt 0 ()
Rtaj =0
From (1), USing (‘{fl) 7
D' ;
= Rt){,u -Z (4 (S’)

dT

D+ ¢
T = -(31,33 Cb(f(’))u 7u (52)



In Comovimg  Coovdmates
(A* :*(lz 0/0/0) (SZ)

Thercfbrc, (S2) can be writew as

D2 _ G d0)0F) sy

T
E’% - -@ o)z (s9)
We note that m Newloman grawty, acceleration is
dlven as
3 = *f)ij 9&(])(?(’)- (ss)
5 = - Vo) (¢
Note that if the metre is flat
whuh Hais EL "o *
T hus,

T .

2_% - @R o) o
WL ng t hen m‘('.Crprct this as

@3 0R) =-VO®.  (s9



In terws of the accelergfion 1 (S6), €his is
- vzd)(y(’) = vo j .
Thus, (— QLQJ (I)(T(’)) Can be ﬂough‘f of

as relahwe Qccele rathon.

The geodesic deviabon can be Thought of
as fhe relatve accelevahon of geodesics,
as 2t represents e 9udcsu. deveation

vee fov-

While we demoustrated this es an akualog b

(¢0)

wavuau 3muﬂy I Comoving g o rdwmates,

Ra £t - 3033 Cb(T(’)

.thls Suggf.St a mopfe gcueral V'L(Q'hﬂl Of

Riageu'u® = 39, OR) -

(61)

(62)



1
5) (5) Riemann cp#Vature in lower dimensions. For a two-dimensional manifold, show that R,p.q = 3 (Jacgbd —
JadJbe) he Riemann curvature can thus be expressed algebraically in terms of the metric and the scalar
curyplire. As an explicit example, calculate left- and right-hand sides of this equation for a sphere using the

usual coordinates of Problem #2.

W(— Cons (der {:haf [)5 Cpu$+V‘MC'|'LOV\,'l:hC R(Céi teusor is 9ivenm By
Rac = 9™ Rasud, (1

owd the Ricet Scalar as
R=9" R ©
R = 9%9" Rabed - (3)
We note that the Riemann curvature has the auti-symmety

Thas,

Rascd = - Rabdc, ()
awd the dent 1ty

Rabcd + Racw + Radbc = O ) (s)
Thﬂer‘("pr("

R[&Bcd] - O (6)

We Showed i class that these symmetres Imply that Rived has

H = ,—'2 D'(D>1) - €)
nd el)(Mdfmt CompOewts -
Thus, fbr two dlmcnswvu, we hawe

# o= | (8)
D=2
Indeptndent componemt.




Ths  will help vs later, wihtn we vse coovdmatss.
This  alp thew huks thal m 2D
Raoca € R - (%)
We note that w 2p
Jacdba ™ aadie = 3acdiy- 9,92 ()
Fom (3)

9acﬂbdR " 94 dud 3“3"" Rabea (11

9ac5|,dR = Rabcd . (12
Slmlarly,

3M3CBR - 6&!3“3“3“ Racdb (13)

ﬂadga,R = Racdb : ("l)

Sinee we Showed that there i ownly dhe mdcpcm]cn‘t Cw-pouc«t
In 2D, we can denote it with symmetries

Rlll?. = Rzl'u (Is)

Ran = - R Cl6)
Rl?.l?. = - R”-?-l . (I?')



Ths s alio Shown by the fact tat (4) m 2b

Makes
Riea = 0 (18)
Rpeaa = 0 (19)
Ran = 0 (20)
Rz =0 - (21
Por  exawgle
Rin =-Rult, (22)
So Ruw =0, (23)

as we “Swlfzhcd" tlese o | ndices -

Thug,

Racdb = - R%cd- (2‘()

Thevefore,
" Raw - Racap = 2 Rased (25)
93595d R-gad Scb R =2R3Lcd . (26)

Factorimg, aud considermg (10)

2 R‘dbcd = (9 acbd - Jaa 3,,(_)[2 (29
Rabcd - 7(9 ac)bd - Ja ‘5bc)R . (28)




From Problew 2, we had the metve

9 = db" + sm*g d¢?, (29)
and +the onlg non-2¢ro Chrishffels ag
M
¢; = - Sinbcosf (30)
16
o - COTE &)
Ef = CoTH - (32

We note that by defincton
0
Rabcd = (f)c bjl ) gd Fbc ¥ Pcae 53 i l—:l:. FI: - (33)

We showed previously, that we i fat only have
t calculate

Reoe= %o ¢ les + luclie Teelgs  ©

From (20), (31), aud (32), we wuote tuat mose of these terme are 0,
So it Simplfes b

R94>94> = % l;; - r;z G: (3s)

R 400" 2
¢ 3_(;(‘ Sinb cos 9) ‘(- SinB Cos 9>COT9 (36
RecpN; = (- Coszei- sze) - <- Cos® 9) (37)



Rppe = S0 - (39)

COV\‘W‘achug this , we 3c1‘,, Considermg £he metvc bemg dio 9goual
0e pb B 0o
3CR 20 ° 999R¢9¢+3 R¢p9¢ (39)

aBc R94>94> _ 399 R9¢94> + 0 (40
R9¢9¢= (N(sm*9) (41)
R9¢9¢ = SIV\ZQ : (42)

Ths serves as the LHS of the equation
Now, we deal wih. +he RHS.
We note that since the metvee is diagoual ,

3%%9 = 0. (43)
Thus,

E'@ee Joo ~Joe %O)R = %999 oo R (49
%(909 Joo o 9¢9)R = -!2- sm‘h R - (4s)

To o9et the Ri Scalar, we first calculate
the Rua Tensor va ().



So

Roo = 9™
5 =
which bg +he M'l'? Rebad’
etvic beng diagoual Sim lﬁ(%)
plhes to

Rop = 7
9 Reeeg’fjwkww. (49)

NTH SMR
- | CLTY (48
SN0 Sinp (
Siwlar! R 0 - | '
r |9,
bd _ , bd R N
" 993 b bd (s1)
=9 Reoss * 3¢¢R
RM . 46y (52
¢ = 9" Résdp -
R ¢ = Slhze ”
By (2) aud the w ’
etre hemgd q)
T hevefor Il e dos
. ont Cave qbout Re¢ dR
— and Noo -
R = 399 Reo + 9%4R
. ¢¢ (
|)(|) + < | sm’0 )
m0
(so

R =12.
(s9)



Plugg g this mto (45) gves
%@ee 3% -gM 3¢O)R = -'2- sin“H(2) (s8)

)
7(%es oo~ Y0s 4R = SIN*0): (s9)
We see that (S9), twe RHS Exactly matches (492), the LHS-

B}g (1S), (16) , and (13) we also gel

Rtbecbe =smf |, (60)
R%e«b =-3SIn0 |, (¢

aln.d R _ )
podp = -SIn“0 |. @




(6) Show the€ 0|, F} 5} = O contains both V- B = (0 and V x E + ;B = 0 as its components. Explain with
G) an exp#Cit calculation how one can get the Poynting vector from the electromagnetic stress-energy tensor.

COVlSld(’M that the Famday teusor is 9lvem bﬂ

o £ B

a _[E 0 Be-ps
P o= -E,: B* 0 px ' (n
£ By -B* 0

COV\S\Jcrmg ‘(:l‘l( Lovcm‘fi(au Mcfvlc

hv« = dmg(—l,\,l,l) / (2)

Wwe gdt the lowered mdex versin of (1) as

Fv,\ - VLBA Fu# '\w (3)

0 E B BN /-

0 0\ /0 2 v 000
A I N O AT R B
w000 [|-E B2 0 px 0

000!/ \E BY-B* 0 000
o -E-B -
X c c 3
‘.—_'% 0 B:-BY | (s)
va | E -B* 0 R”
. X
& BY-B* 0
We nse that

%[ME)X] = 'aM Fv,\ * gv F;M+9/\ EN' o Fav ’avEu,\' %) F\-m . (6)



Usig ~ awti -Symmetry, ¢ his becomes
Ol = Oufui+ bt kit R, +0uh 0iF (7

(a[“\:’x] - 2 <6M F\),\ + gv F;M"'a,\ En) : (8)
COMlJCrmg the conditon that

(a[ME)X] - O @
Suggeste that
6MF\)A+3VEM+9/\EN= O ' (10)
We cowsider the conventon that
[ 0,1,2,3 <—>ct/x,c,,2 . ()

By mspechon of (s), aud takug

A=|,M=2, V=3, (12
we  See that

92 F3.| t 93"-.2 ¥ 3| E) =0 (1%)

9£+ 9_821-&:0' (14)
%y 92 X

Is Cqual‘tb

This is of course eguivalewt to

—_—) A

V.B =0 | (15)




We note {ka’o Por o acbitrary veche V,thc Curl is guen by

Vil 3 ag: X+ 9':; 92’,1 b+ <9§: a,g—;) (t6)
Thus, we  can make use of this to fiud
VxE+aB -0 - (1)
By mspechon of (s), and takwg
A=0,4=2, V=3, (18)
we gef 9E +F, + Qb= 0 (9)
This s equal to
= .9, Eb* % B*=0 (20)
(RgeEo o
Mulhplywmg both sides of (2)) by c, we get
2
£DF0 =

This can b taken as the X-componeut of (13)

(SrE Qg\)x (’aE 9D>+93£:' 0 |. @

02




Swiarly we Jiud that takwg

/\=O/M=|/ V=3, (Z‘()
we gef
6|F30+33F;| +30]-_'3= 0 : (25)
This is equal B

QE -9 E - 3,89-0- 28

' 3 C 0

MM"hp\g\v\g both Sides bfg ol "jldds
1 [9E* _9F*\, 1oBY. ) . (29)

C\ 92 % tC Bt

P\S 'fw the X- component, we 3&6 ‘f\)V‘ the Y - eowponeul

= = =\ [oE* o\, B . . (B
(Tut a8 (5 5) 5

0X
Swiarly we Fiud that takwg
/\=O/M=| , V=2, (24)
We get
8! F?.D +‘asz +QOE’2 = O . (30)
This is equal b
glgg‘azi—x"' 8oBz:D' G
Tle ‘g(dds | raEB gEx lg_B%'::O . (32_)
T ™ tC Bt

— o\ ) ¥ gBi_ 33
(VXE’r?&B):(a%'SE—)*CL_t-O e




Thus, we mdeed recover (|3) from the Co wpdvents of %[MRH ‘

Griffiths  de fimes lae Poynting vector as

S = ATL(E"E)' (33)
R X 9 3

S = L|E E’ E® (39
/ﬂo Bx B‘.O B?.

S =1 (8- E'B) %+ (8- E"BYG+ (po-E%8) 3) - (39

The Elui'V‘oMf}m‘hc Stress ‘Em\‘w Tenspr i 9 1Vem b\t,

T .|

o ” E’(FM Fy g Fd’eﬁse) | (34

We  calculate F.” as

v
F« - y\a?f FM (39

tong\/0 £ FE
‘:'v_ 0 y 09 \[E o B2-py (38
a " 000 |{-E -B* 0 px

0 00! & BY-B* 0



0o & -B-F

Ex c c Cc
v "¢ 0 B-pY | .
Ffu - 'E-—: -g* 0 R” (3%)
£ gy -Bx 0

The P°9vm"‘9 VecTor i mteepreted as an ‘encvgy fluy”
along the dwcchom ov as the “womentum densih,” of te
-th  component - Thus, we owly need concern ourselves with

the Cnmponcu'ﬁs T‘:fo and T(::o respechuely.

From (36) then,The Seiond £ermyanshes for these Torms, Siuee T

is dlagoual
0) :
(c:o : Elo FM F;: : (39)
Lo - l M 0 (,(0)
e g, R
Startmg with (3a),
0 I A
((_:.) = T[o F ’ F; ! (‘”)
0 _ | X -
o = % ((°>(%)+ (2)(0)+(2)(-8)+ (B) () (0
0 _ | (Eﬁz EEB”) .
(ew) i} Tl.-o C C_ (QS)

From (35), this is clearly
n . S, (44)
C

(ew)




02
(e F F (u5)

02 2 Xp2
o z,,( EC B _ ECB) (1)
~ 02 )
i - S? . (48)
_ | .
) t?i) = o FMF; (49)
02
(o ‘(”’( )+ (E)Be) +(2) () 4 (8)(0) @
03 [ X 5 X
e o ( EC ECB ) (<1
(gi) = S? ' (sv
Now, dcallmg wlh (4p), we find
10
(e ~ 4,_0 FM F (s3
10 [ X
(em =74'o<(§€)(0)* 0)(E +(-B)(E) (B)(% )) (59)
10 | (EY%8* E2p
(ew ao< T E(_- ) (s9)
A Y (se)

(e C




20

- | A2 — 0
(ew ~ 7, F F; ($3)
20

o <2 (D@ (0)cep BAEY) (50

20 | 2 PX Xp2
(e 74.}( EC_B - ECB ) (S9)
20 _ S':) .
e — ¢ (60)
30
(ew - T;I_'o Fhs F; ’ (61)

20

e =z'.,(('%‘)(o)+(-g”)(-%")+(gx)(-gvy (0)(5)) (2

?f.o : zl.,< EZ B?. Eng) (63)
30 _ ¢*
v = | (64)
Thercfoee, e e
T(A::) = sz: ) (¢s)
st

W(, “GU& 'UMAS retrievd 'ﬁn(, meow\tg of the
Poyntug Vectow, Scaled by €) a5 Gomponents of tie
Electromagmehs  Stries - Energy tonsor,



(7) In flat spacetime, write out the time- and spatial- components of the conservation law, VQT“b =0, fora
q perfect fluid stress-energy tensor:

Tab — (p—|—P/CQ)1L(L7.Lb+P77ab,

where p is the proper mass density in the fluid rest frame and P is the pressure. Show that in the Newtonian
limit these equations reduce to the equation of continuity and the Euler equation for fluid motion.

The Stress - ewergy tonsor for & pe-fect Hud
IS qem by

Tab _ </D+ %)Maub+ Phab (0

m flat  spacetime-
We want & wrie out

VaT% =) )

'FD"' the Components.
In ‘Haf Space,

y\ak = Alqs ("l/ L, ') 3
WL have, t hc, Lorcnt% 'FGC','D")

W=|,- )

We note that |
ut= T(c,v). (s)



Ld,'g Sjcar’c with er'tlvtq out the Components -
This h't as swple tn 6 Non- Comounng frame -

for T
Tooz( F R PR

T (/’ D@+ peo o
T"=(p+ DTc-2. @

he T
T (p+ B+ P @
T" - (P+ EXo)(rv)+ o o
T"=(p+ Dve - @

1t iS casy B see that this also describes T

T" - (P+ E)vive. (12



e TY,
T - < + .g)uiu’# Phij (13)
T"=(p+ Do)+ B85
T (e DT e bss. s

We can now deal with comservation vsimg (2)-

Swee we've dealmg 1 What is essentially an SR settmo,
the Principle of mmmal couplug allows™ (2) to become

%-‘-ab — ga‘l'ab ] (“)
H' 1S easier tdo Work with
QT =9, T™
Since T"’ s Symmetr
Note +€hat -
o - T 3t (17)
For Q= O/ we have
ob
%1 =0, (%)
r&o-l—oo+ ’BLT""': O/ (M)

whech \eeds t

(BT D S (pBpe




Fov d=0. we have
% T"=0 (21)
DT+ 9TH=0, (22)
Which leads &

19 (p+L)vii): SX,« )TV 2idep 6o

We now seek the Newtowman limit

C > t+00- (zq)
Notc that
m T = | - (25)

(400

DIUldlmg (@ by C yields

"é“?_t«’a +l>)'o‘ ]_>)+%z.<(/0 +El;>’zfzv> =0, (28

s (<’D+P){6 f)*%z((/o +-£)’?f’v> =0 - (@)

Takm5 the Newtowan lint , Consid ermg Pis comstapt wrt- T, 9ives

e < ,?—t (</> +2) T ;)) . % (28)



Aud

e @Xa <<P +£)’?f‘v>> = %( pv) - @9

Addwg these  Guves
P L 9 [ pyi) - |
_tE ¥ ax,-,(ﬁV) = 0 (30)

This € deed Ciwua(eu‘(.' b the Gontuurty equation m
terms of the Eulerian tme dervative

L —7 . (p3) -
5t£+v (PV) (3)

From (23), we take the Ncwh) nan hmit, which 9 e

cl-law:a <‘IC' ,:% (<P +Zl;)'6 zVi(,>> = 3—9{_’ ( P Vi) (32)

cll':a %&((’D "9 T Vv P Si»: ;‘)X,- (PV‘V5+J?Si’)- (3?)

Addlvlg T hese, we g
0 (PV‘> .. (PV‘V3+ES“) = 0 (39)

at ox’

(ep s B0 oo



E x panding
(‘)—-<PV‘v°°) =V 'aaxj (Pv) +p (v-‘

;ax5> (V) (39

ox’
From (30).
C9p _ _VO _(py
| 55 Bx’( V) (39)

(33) theh Slmpll'ﬁci fb
5 J(c) i 9 G\ =
,D%—\Q,D(Va—xj)(vha_ﬁ(fg) O (¥
l)lVldlmﬂ tﬁﬂ P 9ives
. & .
3 <v >(V)+P = (fg =0 (39

This IS Indced cq,wualeut t the Eular Equa'hou

(a—v+(v IWV+5VP=0 (o




